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V 



Abstract 



We study convolutions that arise from noncommutative probability theory. In the case of 
free convolutions, we prove that the absolutely continuous part, with respect to the Lebesgue 
measure, of the free convolution of two probability measures is always nonzero, and has a 
locally analytic density. Under slightly less general hypotheses, we show that the singular 
continuous part of the free additive convolution of two probability measures is zero. We 
also show that any probability measure belongs to a partially defined one-parameter free 
convolution semigroup. In this context, we find a connection between free and boolean 
infinite divisibility. For monotonic convolutions, we prove that any infinitely divisible prob- 
ability measure with respect to monotonic additive or multiplicative convolution belongs to 
a one-parameter semigroup with respect to the corresponding convolution. Our main tools 
are several subordination and inversion theorems for analytic functions defined in the upper 
half-plane. We prove these theorems using the theory of Denjoy- Wolff fixed points. 
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1. Introduction 

The idea of noncommutative analogues of classical mathematical notions like topology, 
geometry, measure theory, or probability, derives from operator algebras. In the classical 
(commutative) context, one can usually associate to a given space an appropriate set of 
complex-valued functions defined on that space. This set becomes a commutative algebra 
under the operations of pointwise addition and multiplication of functions. Properties of 
the original space can be then expressed in terms of the algebra associated to that space. 
In the noncommutative context, one replaces the commutative algebra of functions with a 
noncommutative algebra (usually, but not necessarily, of operators). We exemplify with the 
case of interest for us. 

To define a probability space, one specifies a triple (f2, £,P), where f2 is a set, S is a 
a— algebra, and P is a probability measure. Consider the space L°°(Q) = L°°(r2,£,P) of 
essentially bounded measurable functions /: — ► C, endowed with the linear functional 



^:L°°(n)^C, p(/)= / fdP 

Jq 



It is known that L°°(Q) is a VF*-algebra. Let us observe that for any set A £ S, the 
characteristic function of A, 



Xa{oj) = < 



1 if u G A 
if uj^A 

belongs to L°°(Q), and ip( XA ) = P(A). Conversely, if / € L°°(ft) satisfies f(u) 2 = f(u) 



f(uj) for P— almost all well, then / 1 ({1}) € £ and / = X/-i({i}) almost surely. Moreover, 
^(/)=P(/- 1 ({1})). 

Thus, it appears natural to give the definition of a noncommutative probability space 
as it follows: 



Definition 0.1. A noncommutative probability space is a pair (A,<f), where A is a 
unital algebra over C, and (p is a linear functional on A such that (p(l) = 1. An element 
x £ A is called a random variable. The distribution of x is the linear functional (i x on 



2 

C[X] (the algebra of complex polynomials in one variable), defined by fJ> x (P) = <f(P( x ))> 
P G C[X}. 



For an introduction to the subject, we refer to |36j . The pair (A, if) will be called 
a VF*-probability space if, in addition, A is a VF*-algebra, and ip is positive and weakly 
continuous. We shall generally consider the case when if is also a trace (i.e. ifixy) = f(yx) 
for all x, y G A) in which case we call (A, if) a tracial W'-probability space. Let us observe 
that (L°°(0,),(f) is a tracial VF*-probability space, and the notion of random variable in 
the noncommutative context translates in the classical case as "bounded random variable" . 
Moreover, if x = x* is a selfadjoint random variable in a W*— probability space, then [i x 
extends to a compactly supported probability measure on the real line, i.e. there exists a 
unique probability measure dfi x such that 



While the classical notion of independence still has a meaning in the noncommutative 
context (sec 36 for details), new types of independence arise naturally in noncommutative 
probability theory. We record here the defintions of the three types of independence that we 
shall encounter in this paper. In the following three definitions, (.A, ip) is a noncommutative 
probability space, and A11A2 are two subalgebras of A. 

Definition 0.2. The unital algebras A\,A% are called free (or freely independent) if 
ip(a\a2 ■ ■ ■ a n ) = whenever Oj G Ai^ij G {1, 2}, i\ ^ 12, 12 7^ 13, ■ ■ ■ , i n -i ^ i n , n £ N, and 
if{a i:j ) = forl<j <n. 

Definition 0.3. The (usually not unital) algebras A±,A2 are said to be boolean inde- 
pendent if 



for any aj G Ai 3 , ij G {1,2}, ii / i 2 ,i 2 / h, ■ ■ ■ / 4, n G N, 1 < j < n. 

Definition 0.4. The (usually not unital) algebras A\,A2 are called monotonically in- 
dependent if the following two conditions are satisfies: 




if{aia 2 ■ ■ ■ a n ) = ip(ai)ip{a 2 ) ■ ■ ■ f{a n ) 



3 

(1) for all a%,bi G A\ and 02 € A2, we have 010261 = 99(02)0161; 

(2) for all a\ £ A\ and 02,62 G A2, we have 99(020162) = 99(02)99(01)99(62), 99(0201) = 
99(02)93(01), andip(a l b 2 ) =99(01)99(62). 

A pair of random variables 01,02 G ^4. is said to be independent in any of the above 
senses if the subalgebras A\,A2 (unital in the case of free independence) generated by 
01,02, are independent. Definition IU.2I is due to Voiculescu definition IU.4I to Muraki 
|25| . while the notion of boolean independence was first explicitly formulated by Speicher 
and Woroudi |30| . but its origins can be traced to Bozejko |15j . 

These notions of independence make it possible to define several types of convolutions of 
probability measures. It is known from the classical probability theory that any compactly 
supported probability measure fj, on M can be realized as the distribution of a selfadjoint 
random variable belonging to some W / *-probability space. Roughly speaking, to define 
a convolution of two compactly supported probability measures, one considers a pair of 
subalgebras of a noncommutative probability space which are independent in the required 
sense, and finds in each of the algebras a selfadjoint random variable distributed according 
to each of the two probability measures; the distribution of the sum will be equal to the 
convolution of the two probability measures. The following definitions make the above 
description more precise. 

Definition 0.5. 

(a) Let /x, v be two compactly supported Borel probability measures on the real line. The 
free additive convolution of fi and v, denoted by /iSv, is defined as the distribution 
of x^ + x p , where and x u are selfadjoint random variables belonging to some 
tracial W* -probability space (A, 99), free from each other, and distributed according 
to [i and v, respectively. 

(b) Let /I, v be two compactly supported probability measures on the positive half-line 
[0, +00). The free multiplicative convolution [i and u, denoted by [i M v, is the 
distribution of x l J 2 x v x]! 2 , where x fl and x v are positive random variables belonging 
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to some tracial W* -probability space (A,(p), free from each other, and distributed 
according to \i and v , respectively. 
(c) Let fi, v be two probability measures on the unit circle T in the complex plane. The 
free multiplicative convolution of li and v, denoted by fiM v, is the distribution 
of x fJi x u , where x^ and x v are unitary random variables belonging to some tracial 
W* -probability space (A, if), free from each other, and distributed according to fi 
and v , respectively. 

Definitions (b) and (c) have been extended to measures with noncompact support in 
|1U| . For more details, we refer to and |1U| . 

Definition 0.6. 

(a) Let li, v be two compactly supported Borel probability measures on the real line. 
The boolean additive convolution of fj, and v, denoted by /i l±l v, is defined as the 
distribution of x^ + Xv, where x^ and x u are selfadjoint random variables belonging 
to some tracial W* -probability space (A,ip), boolean independent, and distributed 
according to li and v, respectively. 

(b) Let li, v be two probability measures on the unit circle T in the complex plane. The 
boolean multiplicative convolution of \x and v , denoted by fi ^Sv, is the distribution 
of x^Xy, where x^ and x u are unitary random variables belonging to some tracial 
W* -probability space (A,ip), distributed according to li and v, respectively, and 
such that x^ — 1 and x v — 1 are boolean independent. 

These definitions appear in |30| and |21| . respectively. The extension of part (a) of the 
above definition to measures with noncompact support is done using analytic methods (see 
Theorem 12.61 below) . 

Definition 0.7. 

(a) Let fi, v be two compactly supported Borel probability measures on the real line. 
The monotonic additive convolution of \x and v , denoted by jj,\> v, is defined as 
the distribution of x^ + x u , where x^ and x v are selfadjoint random variables 
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belonging to some tracial W* -probability space (A, <p), monotonic independent, and 
distributed according to u and v , respectively. 
(b) Let fj>, v be two compactly supported Borel probability measures on the positive half- 
line. The monotonic multiplicative convolution of \x and v, denoted by \i O v, is 
defined as the distribution of x^x u , where and x v are selfadjoint random vari- 
ables belonging to some tracial W* -probability space (A,(f), distributed according 
to \i and v, respectively, such that x^ — 1 and x u — 1 are monotonic independent. 

Observe that, unlike the previous convolutions, monotonic convolutions are not com- 
mutative. Monotonic additive convolution has been introduced by Muraki |25j . while its 
multiplicative version has been defined by Bercovici in [Bj. As in the case of boolean con- 
volution, one can define monotonic convolutions of probability measures with noncompact 
support with analytic methods, as it will be seen in Theorems 13.11 and 13.91 

It is not hard to see that the independence condition makes each of the above seven 
operations well-defined. The way to construct independent random variables as in the above 
definitions can be found in 36j for the case of free independence, 30 for the case of boolean 
independence, and |25j and |B] for monotonic independence. 

The present thesis focuses on an analytic perspective on the convolutions defined above, 
which will be described in the main body of the thesis. Our main interest will be in the free 
convolutions. We will also point out connections between the three types of independence 
defined above. These connections have not yet been explored to their fullest extent. 

The thesis has three chapters. The first two chapters have three sections each, while 
the much shorter third chapter is not divided into sections. In the first chapter we focus 
on regularity properties of free convolutions. The first section of Chapter 1 introduces a 
number of definitions and theorems from complex analysis that will be used all along the 
thesis, and describes the absolutely continuous, singular continuous and atomic parts of 
the free additive convolution of two probability measures, with respect to the Lebesgue 
measure on R. Specifically, we show that the absolutely continuous part is always nonzero, 
the density function is locally analytic, and, under slightly less general conditions, the 
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singular continuous part is zero (Theorem ll.23|) . Our main tool is a subordination result 
for analytic functions ( Theorem I1.16|) . In Sections 2 and 3 we prove similar results for 
free multiplicative convolutions of probability measures supported on the positive half-line 
and on the unit circle in the complex plane, respectively (Theorems 11.361 and 11.43")) . Note 
however that the existence of a singular continuous part remains open in these cases. 

The second chapter is dedicated to proving the existence of partially defined semigroups 
with respect to free convolutions ( Theorems 12 . 21 ?2 . 1 Ul and l2.17|) . Our main tools are three 
inversion theorems for analytic functions. In Theorems 12.31 12.111 and 12.181 we describe 
the absolutely continuous, singular continuous, and atomic parts of such measures. A brief 
mention of a connection with boolean convolution is also made. 

In the third chapter we generalize results of Muraki and Bercovici on monotonic infinite 
divisibility. Namely, we show that any probability measure, not necessarily with compact 
support, which is infinitely divisible with respect to monotonic additive, and, respectively, 
multiplicative, convolution belongs to a one-parameter semigroup with respect to monotonic 
convolution. 



CHAPTER 1 



Regularity properties for free convolutions of two probability 

measures 

This chapter is dedicated to describing the absolutely continuous and atomic part of 
free convolutions of measures. 

In the first section we discuss the behavior of the absolutely continuous part with respect 
to the Lebesgue measure of the free additive convolution of two Borel probability measures 
supported on the real line, none of them concentrated in one point. Namely, we show that 
the the absolutely continuous part is never zero, its density function is locally analytic, and 
continuous everywhere where it is finite. The results are derived by studying the boundary 
behavior of the subordination functions. As a byproduct, we also obtain a new proof of 
Biane's subordination result. 

The second and third sections are dedicated to proving similar results for the free mul- 
tiplicative convolution of probability measures on the unit circle and the positive half-line, 
respectively. In addition, we also describe the atomic part of free multiplicative convolution 
of two probability measures. (The analogous result for free additive convolution is already 
known.) 

1. Regularity for the free additive convolution of probability measures 

For any finite positive measure a on R, define its Cauchy transform 



Since G a (z) = G a (z), we shall consider from now on only the restriction of G a to the upper 
half-plane C+={zeC:9z> 0}. 

For given a > 0,(3 > 0, let us denote F a>/3 = {z £ C + : %z > a, \$lz\ < fiSz}. The 
analytic function G a satisfies the following two properties: 
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(i) G CT (C+) C -C+; 

(ii) For any a, (3 > 0, 

lim zG a (z) = cr(R). 

Remarkably, as the following theorem shows, any function satisfying these two properties is 
the Cauchy transform of some finite positive measure on R (for proof and details, we refer 

to m) 

Theorem 1.1. Let G: C + — > — C + be an analytic function. The following statements 
are equivalent: 

(1) There exists a unique positive measure a on R such that G = G a ; 

(2) For any a, (3 > 0, we have that 

lim zG{z) 

exists and is finite. 

(3) The limit lim^^+oo iyG(iy) exists and is finite. 

Moreover, the two limits from 2 and 3 both equal a(R). 

Observe also that 

%G a (x + iy) = - V da(t), x G R, y > 0, 

^ ^ J R (x — t) -\- y 

is the Poisson integral of a. 

It turns out that in many situations it is much easier to deal with the reciprocal F a = 
\jG a of the Cauchy transform of the measure a. The following proposition is an obvious 
consequence of Theorem 11.11 

Proposition 1.2. Let F: C + — ► C + be an analytic self-map of the upper half-plane. 
The following statements are equivalent: 

(1) There exists a positive measure a on R such that F = 1/G a ; 

(2) For any a, (3 > 0, the limit lim 2 ^ OC) 2 g r a g — % exists and belongs to (0,+oo); 

(3) The limit lim^^+oo F [y exists and belongs to (0, +oo). 
Moreover, both limits form 2. and 3. equal a ^(R) -1 . 
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In general, analytic self-maps of the upper half-plane can be represented uniquely by a 
triple (a, b, p), where a is a real number, b £ [0, +oo), and p is a positive finite measure on 
R. This representation is called the Nevanlinna representation (see [I]). 

Theorem 1.3. Let F: C + — ► C + be an analytic function. Then there exists a triple 
(a,b,p), where a£l, b > 0, and p is a positive finite measure on R such that 

F(z) =a + bz+ [ l±^d p (t), z £ C + . 
Jr t — z 

The triple (a, b, p) satisfies a = $lF(i), b = lim^+oo , and b + p(M) = $sF(i). 
The converse of Theorem 11.31 is obviously true. 

Remark 1.4. An immediate consequence of Proposition 11.21 and Theorem 11.31 is that 
for any finite measure a on R, we have QF a (z) > a(M)^ 1 Qz for all z S C + , with equality for 
any value of z if and only if a is a point mass. In this case, the measure p in the statement 
of Theorem 11.31 is zero. 

As observed above, any finite measure a on the real line is uniquely determined by its 
Cauchy transform. Moreover, regularity properties of a can be deduced from the behavior of 
G a , and hence of F a , near the boundary of its domain. In the following we shall state several 
classical theorems concerning analytic self-maps of the unit disk D = {z S C: |z| < 1} 
and their boundary behaviour, i.e. the behavior near points in to the boundary T = {z € 
C: \z\ = 1} of ID. Because the upper half-plane is conformally equivalent to the unit disc via 
the rational transformation z i— > , most of these theorems will have obvious formulations 

Z+l ' 

for self-maps of the upper half-plane. 

For a function /: C + — ► C U {oo}, and a point x G R, we say that the nontangential 
limit of / at x exists if the limit ^■^■z-*x,zeT a (x) f( z ) ex ists for all a > 0, where r a (x) = 
{z £ C + : \$tz — x\ < a^sz}. A similar definition holds for functions defined in the unit disc. 
We shall denote nontangential limits by <lim z _ >ce f(z), or 

lim f(z). 

z >ct 

< 
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The following three theorems describe properties of meromorphic functions in the unit 
disc related to their nontangential boundary behavior. 



Theorem 1.5. Let f: D — > C be a bounded analytic function. Then the set of points 
x £ T at which the nontangential limit of f fails to exist is of linear measure zero. 

Theorem 1.6. Let f: D — > C U {00} be a meromorphic function, and let e t8 G T. 
Assume that the set (CU {00}) \ /(D) contains more than three points. If there exists a path 
7: [0, 1) — ► B such that lim^i 7(i) = e ld and i = lim£_>i f(^(t)) exists in C U {00}, then 
the nontangential limit of f at e l6 exists, and equals t 

Theorem 1.7. Let f: D — > C be an analytic function. Assume that there exists a set 
A of nonzero linear measure in T such that the nontangential limit of f exists at each point 
of A, and equals zero. Then the function f(z) = for all z € D. 

Theorem ll.5l is due to Fatou, and Theorem ll.7l to Privalov. Theorem ll.6l is an extension 
of a result by Lindelof. For proofs, we refer to |18| . 

The following lemma will be useful in the proof of the main result of this section. 

Lemma 1.8. Let F: C + — > C + be an analytic self-map of the upper half-plane. Sup- 
pose 7: [0,1) — ► C + is a continuous path such that lim s _^i7(s) = 00. Then the limit 
lim^i i if it exists, cannot be infinite. 

Proof. Assume that there exists a path 7 as in the statement of the lemma such that 
lim,_» 1^ = 00. Ofserve that F{z)/z never equals a negative number. Therefore, the 
range of the function 

$:B^C, $(w)= K , 1+Wj 

l l+w 

omits more than three points from C. Since < lirn^oo F(z)/z exists and is finite, Theorem 
11.61 provides a contradiction. 

□ 
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Consider a domain (i.e. an open connected set) DCCU {oo}, and a function /: D — * 
C U {oo}. The cluster set C(f,xo) of the function / at the point xq £ D is 

{z £ C U {00} I 3{z n } nt =f>i C D\xq such that lim z n = xq, lim f(z n ) = z\. 

n^oo n— >oo 

The following result is immediate. 

Lemma 1.9. Let DcCU {°°} be a domain and let f : D — ► C U {00} be continuous. 
If D is locally connected at x £ D, then C(f,x) is connected. 

This result appears in |18j . as Theorem 1.1. 

The following theorem of Seidel describes the behavior of certain analytic functions near 
the boundary of their domain of definition. For proof, we refer to |18j . Theorem 5.4. 

Theorem 1.10. Let f: D — > D be an analytic function such that the radial limit 
f(e ie ) = lim r ^i f(re lS ) exists and has modulus 1 for almost every 9 in the interval (9i,9>2). 
If 9 E (^1,^2) is such that f does not extend analytically through e ld , then C(f,e ld ) = D. 

This theorem can be applied to self-maps of the upper half-plane C + , via a conformal 
mapping, but in that case one must consider meromorphic, instead of analytic, extensions. 

A second result refering to the behavior of C(f,x) for bounded analytic functions / is 
the following theorem of Caratheodory. (This result appears in |18j . Theorem 5.5.) 

Theorem 1.11. Let f : P — > C be a bounded analytic function. Assume that for almost 
every 9 £ (^1,^2) the radial limit f(e td ) belongs to a set W in the plane. Then, for every 
9 G (^1,^2) the cluster set C(f,e l9 ) is contained in the closed convex hull ofW. 

The previous two theorems allow us to prove the following 

Proposition 1.12. 

(a) Let f be an analytic self-map o/B such that \ lim r ^i f(re l8 )\ = 1 for almost every 
9 £ (#i,#2)- Suppose that there is a point 9q G (^1,^2) such that the function f 
cannot be continued analytically through 9q. Then for any t± < £2 there is a set 
E C (#1, #2) of nonzero Lebesgue measure such that lim r ^i f(re %e ) exists for all 
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9 G E, and the set {lim,,.^! f(re td ) : 9 G E} is dense in the arc A = {e lt : t\ < t < 
h}- 

(b) Zei / be an analytic self-map of C + suc/i i/iai lim^o /(^ + w) exists and belongs 
to M for almost every x G (a,b). Suppose that x$ G (a,b) is such that f cannot be 
continued meromorphically through xq. Then for any c < d there is a set E C (a, b) 
of nonzero Lebesgue measure such that lim^^o f( x + w) exists for all points x G E, 
and the set {lim^o f( x + iy) '■ x G E} is dense in the interval (c, d). 

Proof. Let / and Oq be as in the hypothesis of (a). Using Theorems II . 1UI and II .111 we 
conclude that, on the one hand, C(/, e ie °) = D, and on the other, that C(f, e l0 °) equals the 
closure of the convex hull of the set 

{\imf(re ie ): 9 G G} 
i — >l 

for any set G C (61,62) with the property that lim r ^i f(re ld ) exists for all 6 G G, and 
(61,62) \ G has zero linear measure. This implies that the set 

{lim f(re %e ) : Q\ < 6 < 6 2 , lim f(re %e ) exists and belongs to ^4} 

r— *\ r— >1 

is dense in A. It remains to prove that the set E of those 9 G (61,62) such that lim r ^i f(re i6 ) 
exists and belongs to A has nonzero linear measure. If this were not true, then, according 
to Theorem 11.111 we could replace G by G \ E in the previous argument, and obtain a 
contradiction. This proves (a). 

Part (b) follows directly from (a) , by using the conformal automorphism of the extended 
complex plane z \— > and its inverse. □ 

We will next focus on boundary behaviour of derivatives of analytic self-maps of the 
unit disk and of the upper half-plane. These results are described in detail by Shapiro |29| : 
see also Exercises 6 and 7 in Chapter I of Garnett's book |22| . 

Theorem 1.13. Let f : B — ► D be an analytic function, and let idGT. The following 
statements are equivalent: 
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(1) We have 

liminf " 1 < oo; 

z^w \z\ — 1 

(2) There exists a number ( £ D such that 

lim f(z) = (, 

z >VJ 

< 

and the limit 

(1) i = lim f{z) - C 

z—->™ z — w 

exists and belong to (0, +oo). 

Moreover, if the equivalent conditions above are satisfied, the limit < lim z ^ w f'(z) exists, 
and the following equality holds: 

£=^lim f'(z) = liminf K^ 1 " 1 . 

C z ~^ w z^w \z\ — 1 

. l/(z)l-l 

lim mi — j— ; = oo 

z^w \z\ — 1 

and 

lim /(*) = C, 

z >w 

< 

then the limit in equation Q exists and equal infinity. 



The number £ from the above theorem is called the Julia-Caratheodory derivative of 
/ at w. The formulation of the preceding theorem for self-maps of the upper half-plane 
is similar; however, for the point at infinity, the usual formula of the Julia-Caratheodory 
derivative must be replaced by the limit 

lim 

I-C 

< 



30 /0) 



Consider now an analytic function /: D — ► D. A point w £ D is called a Denjoy- Wolff 
point for / if one of the following two conditions is satisfied: 

(1) \w\ < 1 and f(w) = w; 

(2) \w\ = 1, < lim z ^ w f(z) = w, and 

lim f{2) ~ W < 1. 



1. REGULARITY FOR FREE CONVOLUTIONS. 

The following result is due to Denjoy and Wolff. 
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Theorem 1.14. Any analytic function f : D — * D has a Denjoy-Wolff point. If f has 
more than one such point, then f(z) = z for all z in the unit disk. If z G D is a Denjoy- Wolff 
point for f, then \ f'(z)\ < 1; equality occurs only when f is a conformal automorphism of 
the unit disc. 

The Denjoy-Wolff point of a function / is characterized also by the fact that it is the 
uniform limit on compact subsets of the iterates f on = / o / o • • • o / of /. We state the 

S v ' 

n times 

following theorem for the sake of completeness (for the original statements, see |20| and 

m\y. 

Theorem 1.15. Let f: D — ► B be an analytic function. If f is not a conformal 
automorphism of ID, then the functions f° n converge uniformly on compact subsets of D to 
the Denjoy- Wolff point of f . 

We now prove a general subordination result for analytic functions. 

Theorem 1.16. Let Fj : C + — * C + , j G {1,2} be two analytic functions, which are not 
conformal self-maps o/C + , satisfying lim y _> +00 Fi [y = 1, j € {1, 2}, and let f : (C + UK) x 
C + — ► C + be defined by f(z,w) = F2(Fi(w) — w + z) — (F\{w) — w). Then there exists 
a unique analytic self-map uj of C + such that f(z,u(z)) = u>(z) for all z € C + . Moreover, 
iim y _» +00 -^j- - 1. 

Proof. Let us first observe that / is well defined. Indeed, since Fj is not a conformal 
automorphism of C + , by Remark II .41 we have QFj(w) > for all w £ C + , j = 1, 2. Thus, 
for any z with Qz > 0, §t(Fi(w) — w + z) > 0, and $$F 2 (Fx (w) — w + z) > Q(Fi(w) — w + z) > 
Q(Fi(w) — w). We conclude that the formula defining / makes sense, and / takes values in 
the upper half-plane. 

We shall now prove that for any fixed z € C + , 

lim W)-^ + ^ [Uoo ], 

v— >+oo iv 
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Assume to the contrary that there exists an i G [1, +oo] such that 

F 2 (F 1 (iv) - iv + z) 
nm : = I. 

Define 9: [0, 1) — ► C+ 9(t) = Then 

F2GF1 (»«)-«« + *) 
£ = nm : 

u^+oo iv 

F 2 (F 1 (9(t)) - 9(t) + z) F^jt)) - 9(t) + z 

F X (0(t))-0(t)+2 ' 0(t) 



Since lim^i F ^-( 9 ( t ))^( t )+ z _ g 5 we conclude that 



F 2 (F 1 (9(t)) - 9(t) + z) _ 
Fl {9(t))-9{t) + z 



This is possible only if lim t _+i[Fi(0(i)) - 9(t) + z] = oo. The path 7 (t) = F l (9{t))-9{t) + z 

(7(1 



i € [0,1), satisfies the conditions of Lemma 11.81 and we have lim^i F2 ^j^ = qq, and 



lim^^+oo F2 ( iv ) = l. This contradiction implies that 



,. F 2 (Fi(iv)- iv + z) 

hm — - — — l,+oo . 

IV 



Using this fact, we have 



f(z,iv) F 2 (Fi(iv) — iv + z) — (FAiv) — iv) 
lim : = nm ; 

v— y+00 iv iv 

F 2 {F x (iv) - iv + z) 
= nm ; 

>+oo iv 



for all £ G [l,+oo]. Also, as seen above, Qf(z,w) > Qz > 0. Thus, by Theorem 11.141 we 
conclude that the Denjoy-Wloff point of the function f z (-) = /(•£,-) belongs to C + + z. 
Denote it by u>(z). 

Since, by Theorem 11.141 \f' z (uj(z))\ < 1, we can apply the implicit function theorem 
to conclude that the function z *— > uj(z) is an analytic self- map of C + . The uniqueness of 
the Denjoy- Wolff point of f z for each z guarantees the uniqueness of cj. This proves the 
existence and uniqueness of uj. 

To complete the proof, we need to show that lim^+oo = 1. As noted above, 
u(z) G C + + z, so $tu(z) > Sz, for all z G C+. By Theorem Ol lim y _ +00 ^ > 1. The 
same argument applied to (F 2 ,Fi) in place of (F±,F 2 ) provides a unique analytic self-map 
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of the upper half-plane Co such that 

Fi(F 2 (w(z)) - Q(z) + z)- (F 2 (Co(z)) - Co{z)) = u>(z), z € C+. 

We claim that the analytic function g: C + — > C + , defined by g(z) = F\(u(z)) — lo(z) + z, 
z € C + , also satisfies 

F^FMz)) - g(z) +z)- (F 2 (g(z)) - g{z)) = g(z). 

Indeed, 

F 2 (g{z)) = f(z,u(z)) + g(z) -z = u{z) + g(z) -z = F 1 {lo(z)), 

so that 

F 1 (F 2 (g(z)) - g{z) + z) - (F 2 (g(z)) - g(z)) 
= F^FiMz)) - g(z) +z)- (F 1 (lo(z)) - g(z)) 
= Fi(Fi(w(z)) - {F 1 (u{z)) - u{z) + z) + z) 

-{F 1 {u{z))-{F 1 {uj{z))-u{z) + z)) 
= Fi(oj(z)) - u(z) + z 
= 9(z). 

The uniqueness of Co implies that g = Co, and thus co(z) + Co(z) = F±(uj(z)) + z. Since 
SsCo(z) > 3% z £ C + , the limit £ = lim y ^ +00 Co(iy)/iy is at least one. In particular, Co(iy) 
tends to infinity nontangentially as y — > +00. Therefore 

1+ lim hm M^.*M + 1=i + 1 . 

iy y^+co uj{iy) iy 
We conclude that lim y ^ +00 co(iy)/iy = 1, as desired. 

□ 

Let us observe that, given functions F\ and F 2 as in the above theorem, the pair of 
analytic functions (u, Co) is uniquely determined by the system of equations 

(2) F 1 (u{z)) = F 2 (u(z))=u{z) + u(z)-z, z £ C + . 

The following theorem describes the boundary behavior of the function 00. 
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Theorem 1.17. Let F\,F2,f, and to be as in Theorem \l.lb\ Fix a£l, and define the 
following two self-maps of the upper half-plane: Uj{w) = Fj{w) — w + a,j £ {1,2}. Assume 
that U2 ° u\ is not a conformal automorphism, of C + .Then: 

(1) If C{uj,a) n C + 7^ 0, then the function u> extends analytically in a neighbourhood 
of a. 

(2) Assume that there exist open intervals I\ and I2 in R such that Fj extends analyt- 
ically through Ij, j £ {1, 2}. Then the limit \\m. z ^ a u){z) exists in C U {00}. 

Proof. Consider a sequence {.ZriingN C and a number £ 6 with the proprety 
that linin^oo z n = a and £ = linin^oo uj{z n ). We have 

£ = lim uj(z n ) = lim f(z n ,u(z n )) = f(a,£). 

n^oo n— »oo 

If /(a, •) is not an automorphism of the upper half-plane, then we can use the implicit func- 
tion argument from the proof of Theorem ll,16l to conclude that there exists a neighborhood 
of a in C on which the function u extends analytically. On the other hand, if f a = f(a, •) 
is a conformal automorphism of C + , denote by k(-) its inverse. The equality 

w = f a (k(w)) = f(a, k(w)) = F 2 (F 1 (k(w)) - k(w) + a) - (F^w)) - k(w)) 

can be rewritten as 

U2{ui(k(w))) = w, w G C + . 

We conclude that u\ok (and hence u{) must be injective. We apply u\ o k to this equality 
to obtain 

Ul(fc(li 2 (»)) = z, 

for all z in the open set (u\ o k)(C + ), and by analytic continuation, for all z G C + . We 
conclude that u\ is a conformal automorphism of the upper half-plane. But then u\ o u 2 is 
also a conformal automorphism of C + , contradicting the hypothesis. This proves (1). 

Assume now that the hypothesis in (2) is satisfied and yet C(oj,a) contains more than 
one point. By part (1), C{uj,a) C lu {00}, and by Lemma ll. 91 either C(tu,a) \ {00} is a 
closed interval in M (possibly all of M), or M. \ C(uj, a) is an open interval in M. 
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We claim that for any c in C(u, a) \ {oo}, with the possible exception of three points, 
there exists a sequence {z„ }neN converging to a such that ]xm n - i . o0 u(zlf > ) = c, and 
$tw(z!n ) = c for all n. Let {c n } nS N be a dense sequence in C(u,a), and consider z n G C + , 
such that |z n — a| < 1/ra, and \u>(z n ) — c n \ < 1/n, re G N. We define a path 7: [0, 1] — > C + U 
{a} such that 7(1 — 1/n) = z n , 7(1) = a, and 7 is linear on the intervals 1 — A, 1 — ^qrry > 
n £ N. It will suffice to show that there exists at most one point c in the interior of C(lo, a) 
such that w(7([0, 1))) n {c + it: t £ [0, e)} = for some e > 0. Indeed, assume to the 
contrary that c < d are two such points. The set 

K = {c + it: t £ (0,1)} U {d + it: t £ (0, 1)} U {s + i, c < s < d} 

separates C + into two components, and the path u(j(t)) contains infinitely many points 
in either of the components, hence it crosses K infinitely many times. By our assumption, 
crossings cannot be close to c or d, and this implies the existence of a point in C(w, a)nK C 
C + , contradicting the hypothesis that C(uj,a) D C + = 0. This proves our claim. 

By Fatou's theorem (Theorem 11.5(1 . the limit lmin.^oo Fi{uj{zn" > )) exists for almost all 
c G C(uj, a). Denote it by F\[d). We shall prove that for every c G C(lu, a), with at most three 
exceptions, F\[d) C + . Indeed, suppose that F\(d) G C + for some c G C(u,a), and assume 
that uj(zn^) converges nontangentially to c. Then, using the relation f(z,uj(z)) = lo(z), 
z G C + , Remark 11.41 and the fact that F2 is not a conformal self- map of C + , we obtain 

9Fi(c) = lim 3Fi(cj(4 c) )) 

n^oo 

= lim 9F 2 (F!(a;(4 c ))) - u{z^) + z^) 

n— »oo 

= QFiiF^-c + a) 
> 9(Fi(c)-c + a) 
= 9^1 (c), 

which is a contradiction. 

Assume that cq G IntC(u;,a) is a point where Fi does not continue meromorphically. 
Proposition 11.121 (b) shows that the set 

E = {c G C(uj, a) : a + Fi(c) - c G I 2 } 
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has nonzero Lebesgue measure. In particular, for all c G E, 
Ft(c) = lim F!( W (4 C ))) 

n^oo 

= lim F 2 (F 1 (o;(4 c )))- W (4 c ))+4 c )) 

n— >oo 

= F 2 {F 1 (c)-c + a), 

where we used the analiticity of F 2 on I 2 . Privalov's theorem implies that F\(z) = F 2 (Fi(z) — 
z + a) for all z G C + . Rewriting this equality gives 

F 2 (F 1 (z) - z + a)- (Fi(z) - z + a) + a = z, 

or, equivalently, 

u 2 (ui(z)) = z, z G C + , 

contradicting the hypothesis. 

We conclude that F\ extends meromorphically through the whole interval IntC(u,a). 
Let, as in the proof of Theorem II. 161 oj(z) = Fi(co(z)) — uj(z) + z, z E C + . We shall argue 
that the set C(u>, a) C RU {oo} must be also infinite. Suppose this were not the case. Then 
for any c 6 IntC(u;, a), 

lim Co(z) = lim Fx(a;(4 c) )) - ^(4 c) ) + 4? =F x {c)-c + a, 

so that, by analytic continuation, F\(z) = z— a+lim z _> a co(z) for all z G C + . This contradicts 
the fact that F\ is not a conformal automorphism of C + . So C(cD, a) must be an infinite set. 
As before, F 2 must continue meromorphically through all of IntC(u),a). 

(c) 

By passing to a subsequence, we may assume that lim n ^ OQ Lo(zn ) exists for every c E 
IntC(w,a), with at most one exception. Suppose there were a point d G C(u),a) and a set 
Vrf C IntC(u>, a) of nonzero Lebesgue measure such that lim n ^oo oo{z n ) = d for all c G V^. 
Taking limit as n — > oo in the equality 

gives 

Fi(c) + a = c + d, for all c G V^. 
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Applying again Privalov's theorem, we obtain that F\(z) = z — (a — d) for all z 6 C + . This 
contradicts the fact that F% is not a conformal automorphism of C + . Thus, there exists a 
set E C IntC(u;, a) of positive Lebesgue measure such that {c = \mx n ^ 00 uj{zn' > ) : c € E} C 
IntC(a), a). Then, since F2 extends analytically through IntC(u), a), by (J2J) we conclude that 

Fi(c) = lim Fx(u;(4 c ))) 

n— >oo 

= lim F 2 (^(4 C ))) 

n^oo 

= lim F 2 (F 1 (^(4 C )))- W (4 C ))+4 C )) 
= F 2 {a + F x {c)-c) 

for all c £ E. Privalov's theorem implies that F\[z) = F 2 (a + for all z G C + . As 

we have proved already, this implies that tii and u 2 are conformal automorphisms of the 
upper half-plane, contradicting the hypothesis. This concludes the proof. □ 

In the following, we prove subordination and regularity results for free additive convo- 
lutions of probability measures. We shall start by stating (without proof) some well-known 
fundamental facts. 

Voiculescu |31| has showed that there exists an analogue of the logarithm of the Fourier 
transform for free additive convolution, called the R— transform. The R— transform is de- 
fined in terms of the inverse "near infinity" of the reciprocal of the Cauchy transform. For 
the proofs of the following results we refer to [10; and |36j . 

Proposition 1.18. Let fi be a probability on R. There exists a nonempty domain in 
C + of the form $7 = U Q! >or Q , j ^ a such that F^ has a right inverse with respect to composition 
F^ 1 defined on £1. In addition, we have QF~ 1 (z) < Qz and 



lim 

z— >oo,zer 



for every a, f3 > 0. 



(We recall that T a ^ = {z G C+ : Qz > (3, \Uz\ < aQz}.) Let ip^z) = F~ 1 (z) -z, z e CI. 
The basic property of the function ip^ is described in the following theorem of Voiculescu: 
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Theorem 1.19. Let be two probability measures supported on the real line. Then 
(Pfj,Eiu( z ) = L Pfj.{ z ) + fuiz) for z in the common domain of the three functions. 

The function R^z) = (fa(l/z) is called the R— transform of the probability measure \x. 

Let /j,, v be two Borel probability measures, neither of them a point mass. Theorem 
11.31 assures us that the functions F„ = F\ and F v = F<i satisfy the conditions of Theorem 
11.161 With the notations from the proof of Theorem 11.161 denote F$(z) = F\(uj(z)) = 
F2(ui(z)), z G C + . By Theorem 1 1 . 31 and Proposition II . 18l there exists a cone such that 
Fj, j G {1,2,3} have right inverses on and F 3 ~ 1 (r a]( g) C C + , Let us replace z in the 
relation 

F 3 (z) + z = uj(z) +u{z), z G C + 
(equation (1.2)) by F^ 1 {z). We obtain 

z + F-\z) = u{Fs\z)) + Cj{F-\z)) = F-\z) + F~\z), 

or, equivalently, 

F Z l i z ) ~ z = <Pl*(z) + Z G ^a,/3- 

By Theorem 11.191 we conclude that F3 = F^ u . 

This allows us to give a new proof for the subordination result of Biane |13j (see also 
[53]. j3Jj, and [31]). 

Corollary 1.20. Given two probability measures fi, v on R, there exists a unique pair of 
analytic functions uji,lo2- C + — ► C + such that F^ v (z) = F^(oj\(z)) = F v (u>2(z)), z G C + . 
Moreover, lim y ^ +00 Uj(iy)/iy = 1, j G {1,2}, and 

(3) F fimu {z) + z = uj 1 (z)+uj 2 {z), z G C + . 

Proof. If one of the two measures, say \x is a point mass, /j, = 5 a , then the statements 
of the corollary are obviously true, with uj\(z) = z — a and u>2(z) = F u (z — a) + a, z G C + . 
Otherwise, as we have already seen, if we let F\ = Fa and F2 = F u in Theorem 11.161 the 
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functions u% = u and u)2 = oo will satisfy the requirement of the Corollary. Uniqueness is 
guaranteed by Theorem II. 161 while the equation (jHJ) has been established before. □ 

Next, we use the boundary properties of the subordination functions shown in Theorem 
11.171 to describe the atomic, singular continuous, and absolutely continuous parts, with 
respect to the Lebesgue measure on M, of the free convolution /x EE v of two probability 
measures [i,v on the real line. Given a finite measure a on M, denote by o~ ac , a sc , and a p 
the absolutely continuous, singular continuous, respectively atomic, parts of a with respect 
to the Lebesgue measure. The following lemma describes the behaviour of the Cauchy 
transform near points belonging to the support of the singular continuous part of the 
probability measure fi. The result is not new, but since we don't know a reference, we shall 
give its proof. 

Lemma 1.21. Let /i be a Borel probability measure on K. For ^ sc — almost all the 
nontangential limit of the Cauchy transform of /x at x is infinite. 

Proof. It is enough to show that for /i sc -almost all x £ R, the imaginary part of 
G^{x + iy) tends to infinity as y approaches zero. An elementary calculation shows that, 
for any y > and xGl, 



+ iy) = - \ * 2 dn{t). 

Jm{x- t) 2 + y 2 



Let us observe that ( x _ t y2 +y z > ^ for all t G R such that \x — t\ < y. Thus, for any given 
y > 0, the following holds: 



-QG^x + iy) = I — 7>dn{t) 



{x — t) 2 + y 2 
1 f 2y 2 



2y J R (x - t) 2 + y 2 



dfi(t) 



1 [*+v 2y 2 
~ 2y] x _ y Jx^tfT7 Mt) 



> 



H sc {{x -y,x + y}) 



2y 

Now we can apply de la Vallee Poussin's theorem f |28| . Theorem 9.6) to conclude that 
lining - — (( x ~y' x+y ^ = oo f or ^ sc — almost all i£R. (see also |14j . Theorem 31.6) □ 
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We shall first take care of the particular case not covered by Theorem 11.171 



Proposition 1.22. Let ll,v be two Borel probability measures on the real line, neither 
of them a point mass. Let a£l, and define u^z) = F^{z) — z + a, u u (z) = F^(z) — z + a, 
z G C + . The function o u u is a conformal automorphism of the upper half-plane if and 
only if li and v are convex combinations of two point masses. Moreover, in this case, 
(/i EE u) sc = 0, and the density of (li EE v) ac with respect to the Lebesgue measure is analytic 
everywhere, with the exception of at most four points. 

Proof. We claim that the analytic functions u^,u u : C + — * C + , are both conformal 
automorphisms of the upper half-plane. Indeed, observe first that both u v and are 
nonconstant, by Remark 11.41 Let k be the inverse with respect to composition of o u u , 
so that 



This implies that u v is injective. Applying u u to both sides of the above equality, we 
conclude that u u (Ufj,(w)) = w for all w in the open subset (u u o /c)(C + ) of the upper half- 
plane, so, by analytic continuation, for all w G C + . This proves surjectivity of u u and thus 
our claim is proved. 



Ufj,(uv(k(z))) = z, zeC 



Since 



lim 



iy 



= 



we conclude that there exist p, q, r 



G M such that 



det 



1 r 



> 



and 




+ 



Modulo a translation of \i and u, we may assume that a = 0. This implies that 




z 2 + z(p + r) + q 



and thus fi is the convex combination of two point masses, at 
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with weights 



r ~~ P + \/{p + r ) 2 ~~ ^1 p — r + \f(pA- r) 2 — 4q 

and 



2 V / (P + 



iq 



2y/(p + r) 2 -4q 
respectively. A similar statement holds for v. 

Conversely, if u = t5 u + (1 — t)S v , then a direct computation shows that F u (z) 

(z — v)(z — u)(z — tv — (1 — so that 

-(tu + (1 — t)v)z + uv 



u v (z) 



z- (tv + {l- t)u) ' 



Z € 



and 



det 



t(l - t)(u - v) 2 >0, 



-tu — (1 — i)i> uv 

1 -to - (1 - i)u 

for all < t < l,u 7^ u. This proves the first statement of the proposition. 

Assume now that [i = s5 a + (1 — s)8 u and v = tSg + (1 — t)5 v , with < s,t < 1, and 
a,u,/3,v Gi, a ^ u, (3 ^ v. Modulo a translation, we may assume that a = /? = 0, and 
u,v > 0. Thus, we just need to compute (s^o + (1 — s)5 u ) EE (i<5o + (1 — i)<5„). As we have 
seen before, 

. . z 2 — zu , . z 2 — zv _ , 

F„ * = , F v (z) = — , z G C+. 

z — su z — tv 

From equation (j2J, we conclude that uj\(z) must satisfy the equation 



F M (wi(z)) = F^F.^x^)) - Wl (;z) + z), 



which means 



su 



Solving for wi gives as possible solutions 



-z 2 + - 2s) + v) + m;(s + i - 1) 
2(z -tv - (I- s)u) 

±^[z(z — u — v) + uv(l — s — t)] 2 + Astuvz(z — u — v) 
2(z -tv - (I- s)u) 
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Since \\m. y ^, +00 uji{iy) /iy = 1, we have 

z 2 - z(u(l - 2s) + v) - uv(s + t - 1) 
2(z - tv - (1 - s)u) 
\/[z(z — u — v) + uv(l — s — t)] 2 + 4stuvz(z — u — V ) 
+ 2(z -tv-(l- sju) ' 

for all z G C + . By relation @, 

s 1 — s 
G>a,(z) = G^i{z)) = —— + —— . 

UJl(Z) UJl{Z) — u 

The only points where G^ u may fail to extend analytically to R are the zeros of the 
equation 

[z(z — u — v ) + uv(l — s — t)] 2 + Astuvz(z — u — v) = 
(i.e. when the expression under the square root sign is zero), and the zeros of the equations 

[z 2 - z(u(l - 2s) +v)- uv(s + t - l)] 2 = 

[z(z — u — v) + uv(l — s — t)] 2 + Astuvz(z — u — v), 

and 

[z 2 - z{u(l - 2s) + v)- uv(s + t - 1) - 2u(z - tv - (1 - s)u)} 2 = 
[z(z — u — v) + uv(l — s — t)] 2 + Astuvz(z — u — V ), 

which occur at the denominator of G^y. We have used Maple to determine that the four 
solutions for the first equation (denote them by rj,j S {1,2,3,4}) are 

~ + v ± \j{u- v) 2 + Auv(t + s- 2st) ± 8uvy/ts(l -t)(l- s)^j . 

Whether all four of these roots are distinct or not depends on the actual values of s,t,u,v. 
However, it is trivial to observe that they are all real; indeed, u, v > by hypothesis, and 
an elementary computation shows that t + s — 2st > and t + s — 2st > 2\J ts(l — t)(l — s), 
with equality if and only if s = t. Notice also that it is not possible that exactly three 
of the roots are distinct. Also by using Maple, we have determined that the second and 
third equations have as solutions the numbers 0, v, (1 — s)u + tv, and u,u + v, (1 — s)u + tv, 
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respectively. We can thus write (with the help of Maple): 



z 2 - z(u(l - 2s) + v)- uv(s + t-l)- J]Jj =1 {z - r 
2uz{z — v) 

z 2 - z((3 - 2s)u + v)+ uv(t - s + 1) + 2u 2 (l - s) 
2u(z — u)(z — u — v) 

+ >AU=i(*-ri) 



2u(z — u){z — u — v) 

As it can be seen from the above formula, the support of (// EB u) ac coincides with the set 
where the product nj=i( z — fj), z G 1R, is negative, and, since G^m u can be infinite only at 
the points 0, u, v , u + v, the measure [i EB v has at most four atoms, which may occur exactly 
in 0, u, v, or u + v. This concludes the proof. □ 

We can now prove the main regularity result of this section. 

Theorem 1.23. Let ^, v be two Borel probability measures on the real line, neither of 
them a point mass. Then the following statements hold: 

(1) The point a £ 1R is an atom of the measure [i\Sv if and only if there exist b, c G M 
such that a = b + c and fi({b}) + v{{c\) > 1. Moreover, EE ^)({a}) = fJ>({b}) + 
u({c}) - 1. 

(2) The absolutely continuous part of /i EB v with respect to the Lebesgue measure is 
always nonzero and its density is locally analytic on the complement of a closed set 
of zero Lebesgue measure. 

(3) Assume in addition that supp(/i) is compact and M \ supp(i^) is nonempty. Then 
the singular continuous part of EB v is zero. 

Proof. Part (1) of the theorem is due to Bercovici and Voiculescu (see |12j . Theorem 
7.4). We shall proceed with the proof of part (2). Suppose that \i EB u is purely singular, 
and thus for almost all x £ R with respect to the Lebesgue measure, we have 

lim 9F„ ffl!/ (x + iy) = lim QG^uix + iy) = 0. 
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By part (1), we are assured that /xffli/ cannot be purely atomic, so we must have (/iEHz^) sc ^ 0, 
and hence, by Lemma ll.211 lim^o FiMv ( x + iy) = for uncountably many Theorem 
II. 1UI applied to the function F^ v yields a point xq G R such that C{F^ V , xq) = C + . Using 
relation (J3J) we conclude that at least one of C(u>i, xo), C(u>2, xq), will intersect the upper 
half-plane. (Recall that uj\,W2 are the subordination functions from Corollary 11.201 ) But 
now we can apply Theorem II. 171 (1) and Proposition II .221 to obtain a contradiction. Thus, 
H EH v cannot be purely singular. 

Next we prove that there exists a closed subset of R of zero Lebesgue measure on whose 
complement the density fix) = ^ — — is analytic. By Theorem ll.5l there exists a subset 
E of R of zero Lebesgue measure such that for all x G R \ E the limits lim^o F^ u (x + iy) , 
lim y ^o ^'(^ + iy)-, j £ {1)2} exist and are finite. Also, for almost all x G supp((yu EH 
u) ac ) \ E, with respect to (fx EH u) ac , we have lim^o F^Su ( x + w) £ C + . By relation ©, 
at least one of lim^o ujj(x + iy), j £ {1,2}, must also be in C + . For definiteness, assume 
u>i(x) = lim^o (x + iy) G C + . Part (1) of Theorem 1 1 . 1 71 and Proposition 11.221 assure us 
that u>i extends analytically through x. Since oj\{x) G C + , the function F^ v = F^ o uj\ 
also extends analytically through x. We conclude that the density of (// EH i/) ac must be 
analytic in x. On the other hand, if there exists an interval J C R \ supp((/i EH i^) ac ), then 
lim y ^o ^F^vix + iy) = for almost all x G J with respect to the Lebesgue emasure. The 
same argument used in the proof of the existence of an absolutely continuous part of fx EH v 
shows that F^q u extends meromorphically through J. Of course, the set A of points x 
where f(x) = ^ — — is analytic is open in R, and its complement is of zero Lebesgue 
measure. 

To prove (3), observe that our hypotheses on the supports of [i and v allow us to apply 
either part (2) of Theorem 11.171 or Proposition 11.221 to conclude that the subordination 
functions uj\ and 0J2 extend continuously to R as functions with values in the extended 
complex plane C U {00}. By relation (j3J), the same must hold for F^ v . We shall denote by 
the same symbols the continuous extensions of the three functions to C + U R. 
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Let us assume that (fx EE u) sc 7^ 0. Lemma 11.211 allows us to find an uncountable set 
H C supp((/x EE v) sc ) such that no x £ H is an atom of fi EE u, and 

lim F flSu (z) = lim F fjSv (z) = 0. 

< 

We claim that for any x £ H 
(i) Ui(x),U2{x) / oo, 

(ii) <lim z _ +a , 1 ( a! ) = <lim z ^ £J2(a .) i^O) = 0, 

(m) ^({tJi(x)}) + ^({o; 2 (2;)}) = 1. 

Part (i) is an easy consequence of Theorems 11.31 and 11.61 Indeed, by Theorem 11.31 we 
have that < lirn^oo F^(z) = oo. Assume that uj\(x) = oo. Then, by our assumption on x, 
Corollary II. 201 and Theorem 11.61 we have 

= lim F fjSv (z) 

z^x 

= limF„(wi(z)) 

Z — >X 

= lim Fu(w) 

w€oJi(x+i(0,l)) 

= lim F„(w) 

w >oo 

< 

= oo, 

which is absurd. A similar argument shows that t02(x) ^ oo. 
By Theorem 11.61 we have 

lim FJw) = lim FJw) = lim FjuJiix + iy)) = lim Fn^(z) = 0. 

w — w^ui^x) y^0 z^x ^ 

The same argument applied to F u and u>2 in place of F^ and uj\ yields < lim^^^^.) F u (w) = 
0. This proves part (ii) of our claim. 
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We prove now part (Hi). Observe first that, by dominated convergence and by Theorem 
11,131 applied to self-maps of C + , for any v E M such that < lim z ^, v FJz) = 0, we have 



MM) 



[z - V 



lim 

z >v 

< 



dn(t) 
z - t 



-i 



z — v z — V 
liminf ■ 



Applying this to v = U\ (x) yields 

1 



and similarily 



= i iminf < liminf Wl), 

— — — - < hmmf — — — — , 

U{{l02{X)\) z^x kSLU 2 (z) 



for all x 6 H (we use here the convention 1/0 = +oo). 
Prom relation (j3J) we obtain 

QuJ2{z) 



SF^jz) Qz _ i 

$SLUl(z) ^LOl(z) 

The following chain of inequalities holds: 



z € C" 



' 1 < liminf 

v({u)2{x)}) z^x Ql0 2 (z) 

< hmsup ( — — h 



lim sup 



-1 



lim inf - 



liminfl 55*#) + 



^soji(z) Quji(z) 



< [liminf- x 

Z-*X XSL0l{Z) 



< 



< 



SF^uxiz)) 



lim inf 
1 

KWi(z)}) 



lim inf — — — 

z^x QuJl{z) 
-1 

1 ' 



-1 



-1 
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We have assumed that [i and v are not point masses, so the above implies that 1 < 

MW,)}) - ,(l4)l) < +0 °- Thus ' multip1 ^ the above inequality by - 1 will 

give 

(1 - M ({ W l(x)}))(l - V({U2(X)})) < ^{ Ul (x)})ui{ U 2{x)}), 

or, equivalently, 

Ai({wi(s)})+I/({W2(X)}) > 1. 

Since x £ H, part (1) of the theorem tells us that the inequality above must be an equality. 
This proves the last point of our claim. 

Using relation (J3J) and the fact that F^ u (x) = 0, we obtain 

u\{x) + uJ2(x) = x for all x £ H. 

Since any probability can have at most countably many atoms, this, together with part (Hi) 
of our claim contradicts the fact that H is uncountable and concludes the proof. □ 

2. Regularity for the free multiplicative convolution of probability measures 

on the positive half-line 

Let a be a finite Borel measure on [0, +oo). We define the analytic function 

M*)= I T^-da{t), z£C\[0,+oo). 

J[0,+oo) i- — Zt 

The function ifi ff is called the moment generating function of a. A simple computation shows 
that G a (l/z) = z(ip a (z) + <t([0, +oo))), z E C \ [0, +oo). Using this formula, one can prove 
the following analogue of Theorem 1 1.1 1 for measures supported on the positive half-line (see 
jlUj . Proposition 6.1). 

Proposition 1.24. Let ip : <C\ [0, +00) — > C be an analytic function such that ip(z) = 
ip(z) for all z S C \ [0, +00). The following two conditions are equivalent. 

(1) There exists a finite measure a on [0, +00) such that tp = 

(2) lim y ^oijj(y) = and there exists a number C > such that z(ifj(z) + C) £ C + for 
all z G C+. 

Moreover, C = a([0, +00)). 
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Observe in particular that, unless a is concentrated at zero, we have tp a (C\ [0, +oo)), 
Vv(( — oo, 0)) C (— oo,0), and vp a (C + ) C C + . For analytic functions ip satisfying these three 
conditions it is possible to define a continuous function arg^ : C \ [0, +oo) — > M. such 
that exp(i axgip{z)) = ^){z) /\il)(z)\, and arg-0 = 7r on the negative half-line. We will also 
consider the limit ip(0— ) = lim 2 ^o,^<o VK^)- Observe that ip{Q— ) exists if t/>(C + ) C C + . In 
this case it is easy to see that tp'(z) > for all z £ (— oo, 0); indeed, if z < 0, tp'(z) is a real 
number so that 

yio iy via y 

and ip'{z) = would imply that the image under ip of a small half-disk {w : > 0, \w— z\ < 
e} contains numbers in — C + . An immediate consequence of this fact is that the function 
ip a defined above never takes the value — cr([0, +oo)). 

Let now \x be a probability measure on [0,+oo). It will be convenient to consider the 
function 

An analogue of Theorem ll.2l for the function ry^ is the following proposition (see 0, Propo- 
sition 2.1). 

Proposition 1.25. Let 77: C\ [0, +00) — > C \ {0} be an analytic function such that 
n(z) = rj(z) for all z £ C \ [0, +00). The following two conditions are equivalent. 

(1) There exists a probability measure fi 7^ <5o on [0, +00) such that 77 = 77^. 

(2) ?7(0—) = and arg 77(21) £ [argz,7r) for all z £ C + . 

Moreover, [x 7^ 5q is a point mass if and only if there exists a z £ C + such that arg n^(z) = 
argz. 

PROOF. Observe first that, for z £ C + , the set 
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is a circular arc contained in C + , with endpoints and —1, and tangent to the line {tz : 
t £ M}. Thus, given \x ^ 5q, ip^,(z) will belong to the convex hull co(C 2 ), and therefore 



This last set is precisely {A 6 C + : argA > argz}, and we conclude that rj^ satisfies 
the conditions in (2). Conversely, assume that r/ satisfies (2), and set tp = 77/(1 — r/), so 
that 7] = ip/(l + tp). For z £ C + we have then rj(z) £ + w) : w G co(C z )}, and 

thus ?p(z) G co(C z ). Thus 1 + ip(z) £ 1 + co(C z ) which implies that 1 + ip(z) £ C + and 
arg(l + ip(z)) > — argz (by the symmetry of C z about the line x = —1/2). We conclude 
that z(l + ip{z)) £ C + , and the result follows from the preceding proposition. 

If fj, = S a for some a £ (0,+oo), then rj^(z) = az, so arg r]^(z) = argz for all 
z £ C + . Assume that arg 77^(^0) = argzo for some zq in the upper half-plane. Then 
arg?/^(zo)/(1 + ^(^ )) = argzo, so we conclude that there exists a number £ £ (0,+oo) 
such that ^(•2o)/(l + Vv( z o)) = ^ z 0) or, equivalently, 



We conclude that Vv( z o) £ C Zo , and thus \i = 8^. □ 

Remark 1.26. An immediate consequence of the definition of ij^ and of Proposition 
11.241 is that for any // 7^ 5q, ?7^((— 00, 0)) C (— 00, 0), and thus, as shown before, ^|(_oo,o) is 



Next we prove a subordination result for analytic self-maps of the slit complex plane. 



Theorem 1.27. Let nj : C\ [0, +00) — > C\ [0, +00), j £ {1, 2} be two analytic functions 
satisfying conditions 

(a) lim^o^o^iOE) = 0, j £ {1,2}; 

(b) vr > arg r)j(z) > argz, z £ C+, j £ {1,2}; 

(c) Vj {z) = ^{zj, z € C \ [0, +oo), j £ {1, 2}. 

Define hf. C \ [0, +00) — ► C by hj(z) = and let f: (C+ Ul\ {0}) x C+ — ► C, 

f(z,w) = h 2 (zhi(zw)). 




injective. 



1. REGULARITY FOR FREE CONVOLUTIONS... 33 

Then 

(1) The function f is well-defined and takes values in C + . 

(2) There exists a unique analytic self-map h of C + such that f(z,h(z)) = h(z), z G 
C+. 

PROOF. We start by proving (1). It follows from (b) and (c) that the functions hj 
map the upper half-plane into itself, hj(z) = hj(z), and hj((— oo,0)) C (0, +oo), j G {1,2}. 
Thus, if z G (0, +oo) it is obvious that f(z,w) is well defined and takes values in C + . If 
z G (—oo,0), then h\(zw) G — C + , so that zh\(zw) G C + , and we conclude again that 
f(z,w)eC+. 

Let now z G C + . If w G C + is such that arg(zw) < it, then 

arg zh\ (zw) = argz + aigrji(zw) — arg(zw) > aigz > 0, 

and 

arg zhi (zw) = arg z + arg rji (zw) — arg(zw) < ir — arg w < ir. 
If w G C + is such that aig(zw) > ir, then, using (b) and (c), we have 

avgrji(zw) = 2ir — aigrji(zw) = 2tt — argr/i(ruJ) < 2ir — aig(zw) = avg(zw), 

so 

arg zh\ (zw ) = argr]i(wz) — argw < avg(wz) — argw = axgz < ir, 

and 

arg zhi(zw) = argrji(zw) — argw > ir — avgw > 0, 

by (c). We conclude that zh x (zw) G C + for all (z, w) G (C + UR\ {0}) x C+, and thus / is 
well defined and its range is included in the upper half-plane. 

We prove now (2). For each z G C + denote f z : C + — ► C + , f z (w) = f(z,w). We claim 
that f z must have its Denjoy- Wolff point in C + . 

Indeed, for any r G (0, +oo), lim„,^ r f(z, w) = h2(zh\(rz)) G C + , so r cannot be a fixed 
point of f z , so the Denjoy- Wolff point of f z does not belong to the interval (0, +oo). 
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Assume now that zero is the Denjoy- Wolff point of f z . Then, by the definition of the 
Denjoy- Wolff point, we have lim^o f z (iy) = 0, and lim^o must belong to (0, 1]. But 





y^O iy y-*Q h x {ziy) y^o T]i(ziy) 

= lim y |o m iTy V * > exists in (0; +°°) u {°°}- 
If r G (0j+oo), then lim^o^ ( z ) = f]2{i' z )i so ) using (a) together with Theorem 
w 

KM]. 



By Theorem II. 131 r = lim^o ^ii^ exists in (0, +oo) U {oo} 

zvy j 

11.61 we obtain lim^o = ~ o = 00 ' wn i cn contradicts the fact that lim^o ^tf* e 



MM 



We conclude that r must be infinity. Since, by property (b), we have arg \ z m ^^ 
(arg z, 7r + arg z) for any uu G C + , we obtain 

(zzyj \ 

z = lim r/2(x) G [— oo,0), 

ziy J x^-oo 

by Theorem ll.tjl and the monotonicity of ?72|(-oo,o)- Property (a) yields again lim^o 
oo, which contradicts the fact that lirriy^o £ (0, 1] . We conclude that zero is not the 

Denjoy- Wolff point of f z . 

Suppose that f z has infinity as its Denjoy- Wolff point. Then we must have 

lim f z {iy) = oo, and lim tl_j^_ > \ 

y^+co y^+oo iy 



However, 



lim «s). lim "H^) 



Theorem 11.131 assures us that I = lim^ +00 ^|^ G [0,+oo). If I > 0, then we have 



y— >+oo iy y^+oo rji(ziy) 
l y->+o° Z iy 
lim^ +0O ?72 = V2(zl), so 

f z {iy) m (sSffi) r, 2 {zl) 
lim = lim r = r = 0, 

y^+oo iy y^+oo 7]l{Ziy) lim y _^ +00 7]i (ziy) 

a contradiction. If I = 0, then, by Theorem II .61 the limit 

/ r] 1 (ziy)\ 
hm 772 2 : , 

2/— >+oo y ziy / 

if it exists, must equal zero. Since 
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and, by Theorem 11.61 limy_» +£X , ryi (ziy) = lim z _ ) ._ 00 771 (z) < 0, we conclude that 

lim MM =0 . 

2/— >+oo iy 

Thus, infinity cannot be the Denjoy- Wolff point of f z . 

We still need to show that no point on the negative half-line is the Denjoy- Wolff point 
of f z . Suppose to the contrary that 

lim f z {w) = t 

w > r 

< 

for some r < 0. As we have already seen, 

i» r / \ ,. Vijzw) rjijzr) . 
lim hi(zw) = lim = G — <L , 



so 

1 



lim f z (w) = h 2 -rn(zr) G 

y >r y f 1 



Thus r cannot be a fixed point of f z . This proved our claim. 

Let h{z) G C + denote the Denjoy-Wolff point of f z . Since we have shown in part (1) 
that on the one hand f z (r) takes values in the upper half-plane for any r > 0, and on 
the other f z {{— 00, 0)) C (— 00, 0), we conclude that f z is not a conformal automorphism of 
C + . Thus, Theorem II . 141 assures us that the derivative of f z in the point h(z) has absolute 
value strictly less than one, \f' z (h(z))\ < 1. By applying the implicit function theorem to the 
function (z,w) 1— ► f(z,w) — w, we conclude that h(z) depends analytically on z. Thus, we 
have determined the existence of u. The uniqueness follows immediatly from the uniqueness 
of the Denjoy-Wolff point. This proves part (2) of the theorem. □ 

Corollary 1.28. Let rjj, j G {1,2}, be two analytic functions as in Theorem \1.21\ 
Then there exists a unique analytic function 

u : C \ [0, +cxd) — ► C \ [0, +oo) 

such that 

lo(z) = } 7 , zGC\[0,+oo). 

Moreover, aigz < aigui(z) < tt for all z G C + . 
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Proof. With the notations from Theorem 11,271 let uj(z) = zh(z), z G C + . It is 
clear that argu;(2i) > argz for all numbers z in the upper half-plane. Using the relation 

f(z, h(z)) = h(z), we have: 

u(z) = zf(z,h(z)) 

= zfi2(zhi(zh(z))) 

_ *> 

Tjl (w(z)) 

The above equality holds for all z G C + . We conclude that u>(z) G C + , and argo;(z) > argz. 

Denote A z = {w G C + : &rgw > argz}, and observe that uj(z) is a fixed point for the 
function 

/ rii(w)\ 

9z- A z ► A z , g z (w)=w / . 

rji{w) 

Since the functions r\j satisfy the condition (b) from Theorem 11.271 the function g z cannot 
be the identity function. By the Denjoy- Wolff theorem (Theorem 11.14(1 . we obtain the 
uniqueness of lu. 

Since h extends continuously to the negative half-line, it is now obvious that so does 
uj. By the Schwarz reflection principle, we can extend uj to the whole C \ [0, +oo), and its 
range will be included in C \ [0, +oo). This concludes the proof. □ 

As in the first section, let us observe that Theorem II .271 and Corollary 11.281 provide an 
analytic function uj: C \ [0, +oo) — ► C \ [0, +oo), uj(z) = zt]i(lu(z))/u>(z), satisfying the 
conditions 



= FTTT^' ^eC\[0,+cx)), 

%(w(z)) 

and argu)(z) > argz, z G C + . The pair of functions (u),u>) is uniquely determined by the 
equations 

(4) m(w(z)) = V2(u(z)) = -u(z)u(z) 

z 
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We record here for later use the form of equations in terms of the functions t/j = 77/(1 — 77): 



(5) Mu(z)) = M*(z))- ^"'' )JJ{Z) 



z — u)(z)u{z) 

In the following theorem we shall describe the boundary behavior of the functions u and Co. 

Theorem 1.29. Let 771 , 772 , / o,nd uj be as in Corollarv \1.28l and consider their restric- 
tions to C + . Fix a point a £ (0, +00) and define the following two self-maps of the upper 
half-plane: Uj{z) = arjj(z)/z, j £ {1,2}, z £ C + . Assume that U2 u\ is not a conformal 
automorphism o/C + . Then: 

(1) If C(uj,a) n C + 7^ 0, then the function u extends analytically in a neighbourhood 
of a. 

(2) The limit lim z ^ a u;(2:) exists in CU {00}. 

Proof. We shall prove (1) by showing that the function h extends analytically through 
a. Let z n be a sequence converging to a such that al = lirn^oo uj(z n ) belongs to the upper 
half-plane. We have: 

i = lim h(z n ) = lim f(z n ,h(z n )) = f(a,e) = f a {l), 

n— >oo n— >oo 

so I is a fixed point of f a belonging to C + . If f a is not a conformal automorphism of the upper 
half-plane, then the implicit function argument used in the proof of part (2) of Theorem 
11.271 implies that there exists a neighbourhood of a in C on which h, and hence u, extends 
analytically. 

If fa(-) is a conformal automorphism of the upper half-plane, denote by k its inverse. 
Consider Uj, j = 1, 2, as in the statement of the theorem. The equality 

w = f a (k(w)) = h 2 (ah 1 (ak(w))) 

is equivalent to 

U2{u\{ak{w))) = aw, w £ C + . 
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We conclude that u\ o k (and hence u\) must be injective. Let l(w) = ak(a~ 1 w), w G C + , 
so that U2(ui(l(w))) = w. By applying u\ o I to the above equality, we obtain 

Ul {l{u 2 {z))) = z, for all z G (m o l)(C + ). 

Since (u% o /)(C + ) is open, the above equality must be true for all z G C + , allowing us to 
conclude that m is also surjective, so a conformal automorphism. But then u-i U\ must 
also be a conformal automorphism of C + . This contradicts the hypothesis. 

We now prove part (2) of the theorem. Assume that C(uj,a) contains more than one 
point. By part (1), we must have C(co, a) C E U {00}, and, by Lemma ITU?! either C(iv, a) \ 
{00} is a closed interval in R, or M \ C(u, a) is an open interval in R. 

As we have shown in the proof of Theorem 11.171 (2), for any c G C(uj,a) \ {00}, with 
the possible exception of three points, there exists a sequence {Zn }neN converging to a 
such that lim n ^ 00 w(zi c ^) = c and 3ftx>(zi c ^) = c for all n. By Theorem 11.51 the limit 
linin^oo r]i(Lo(zn^)) exists for almost all c G C(uj,a). Denote it by ??i(c). We claim that 
for any c G C(u;,a), with at most three exceptions, 771(c) G" C + . Indeed, suppose that 
771(c) G C + for some c G C(u>,a), and assume that there exists a sequence z$ such that 
^(•^n^) converges nontangentially to c. Then, using Q and the fact that arg 77^(2) > argz 
for all z G C + , j G {1, 2}, we obtain 

arg 771(c) = lim arg 771(0; (2! )) 

2n^77i(o;(2;^))\ 



lim arg 772 



co(zi c) ) 



arg 772 



0771(c) 



> ars 



c 

0771(c) 



c 

= arg 771(c), 

which is a contradiction. 

Assume that cq G IntC(u,a) is a point where 771 does not continue meromorphically. 
Proposition 11.121 (b) shows that the set 

E = {c£ C(u,a): ar)i{c)/c G (-00, 0)} 
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has nonzero Lebesgue measure. In particular, for all c G E, 

r/i (c) = lim r?i(u;(4 c) )) 

n^oo 

4 c) ??i(w(4 c) ))\ 



= lim r/2 



^2 



(c)> 

ar/i(cJ N 



c 

By analytic continuation, this implies that rji(z) = 772 (arji (z)/z) for all z G C + . Rewritting 
this equality gives 

/o»7i(z)\ z . 

am 7T = «, 2 G c + , 

V z J arn{z) 

or, equivalently, 

U2{ll\{z)) = z, z G C + . 

In particular, u 2 o U\ is an automorphism of the upper half-plane, contradicting the hypoth- 
esis. 

We conclude that 771 must extend meromorphically through the set IntC(a;,a). Let 
Lo(z) = zrji{uj(z))/uj(z). We shall argue that the set C(u,a) C R U {cx)} must also be 
infinte. Indeed, suppose this were not the case. Then, for any c G IntC(w, a), with at most 
one exception, 

,. ~ / \ v Zn m{u(z£ )) 0771(c) 
lim w(z) = hm y\ = , 

so, by analytic continuation, r)i(z) = zlim z ^ a uj(z)/a, z G C + . This contradicts the hypoth- 
esis that arg 771(2;) > argz for all z in the upper half-plane. So C(u, a) is an infinite set. As 
before, r/2 must continue meromorphically through all of IntC(a), a). 

By passing to a subsequence, we may assume that linin^oo Co(zn^) exists for every c G 
IntC(w,a), with at most one exception. Suppose there were a point d G C(u,a) and a set 
Vd C lntC(uj,a) of nonzero Lebesgue measure such that lim n - l . 00 Cu(zn^) = d for all c G V^. 
Taking limit as n — > 00 in the equality 

z^ m (u(z^)=u(z^)u(z^) 

gives 

ar/i(c) = cd, for all c G V^. 
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We conclude by Theorem ll.7l that rji (z) = (d/a)z for all z £ C + , and hence arg 771(2:) = argz 
for all z £ C + , contradicting the hypothesis. Thus, there exists a set E C C(uj,a) of nonzero 
Lebesg ue measure such that {c — linin^oo u(zn^) : ceB}C IntC(d), a). Then, as 772 extends 
analytically through IntC(u),a), we have, by (@J 

7/1 (c) = lim r/i(w(4 c) )) 

n^oo 

= lim 772^ (4 c) )) 

n^oo 

*4 T/l(tt>(Zn )A 



lim 772 

n— >oo 



m 



0771(c) 



c 

for all z E E. By analytic continuation, we conclude that 

771(2;) = 772 (0771(2:)/ z), for all z G C + . 

As we have already proved, this implies that u\ and 7t 2 are conformal automorphisms of the 
upper half-plane, contradicting the hypothesis. This concludes the proof. □ 

The results above will be used for analyzing properties of free multiplicative convolution. 
As in Section 1, we start by stating several well-known results. 

In |32j . Voiculescu introduces the S— transform, an analogue of the R— transform for 
free multiplicative convolution. We give below the main facts about the S— transform, and 
for proofs we refer to |32| and jlOj . Let /_i be a probability measure on [0, +00), /x ^ 5o. As 
observed in Remark ll.26( the restriction of 77^ to (0, +00) is injective. Denote by T]u (z) its 
right inverse, defined on some neighbourhood of rj fJi ((— 00, 0)) in C + . Let S^(z) = n~ 1 (z)/z. 

Theorem 1.30. Let fi, v be two probability measures supported on [0, +00), none of them 
concentrated at zero. Then Ti^ u (z) = Y 1 ^(z)Y lv (z) for all z in the common domain of the 
three functions. 



The function S^{z) = yj^j is called the 5— transform of fi. 

Let /j, v be two Borel probability measures on [0,+oo), none of them a point mass. 
Proposition 11.251 assures us that the functions 771 = 77^ and 772 = 77^ satisfy the conditions 
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of Corollary 11.281 With the notations from (pEj). let 773(2) = r]i{u){z)) = t]2{uj{z)). Observe 
that, by Corollarv ll.281 773 satisfies the conditions of Proposition IT. 251 By Remark II. 261 and 
Proposition 11.251 there exists an interval (— s,0) such that 771,772, and 773 have right inverses 
on (—s,0). Let us replace z in the relation 

Z7] 3 (z) = u(z)u(z), 

(equation @) by n 3 ~ 1 (z). We obtain 
or, equivalently, 

-V3 1 ( z ) = ( z )' ze(-s,0). 

By Theorem 11.301 we conclude that 773 = 77^1/ . 

We can give now a new proof to Biane's subordination result (see |13j . Theorem 3.6): 

Corollary 1.31. Given two probability measures \i,v on [0, +00), there exists a pair 
of analytic functions u>i,uj2- C\[0, +00) — >C\[0,+oo) such that 77^(^1 (2)) = rj v (u 2 (z)) = 
flfMviz)' z £C \ [0, +00). If neither of fi,u is concentrated at zero, the functions U\,u)2 are 
unique and satisfy the following four properties 

(a) zrjfM^z) = ui(z)u 2 {z), z G C \ [0, +00). 

(b) w i (0-) = 0,i€{l,2}, 

(c) argujj(z) G [argz,7r) for all z G C + , j G {1,2}, 

(d) ujj(z) = LOj(z) for allzeC \ [0, +00), j G {1, 2}. 

Proof. If one of the two measures, say /j, equals 5o, then [jlMv = 8q, and u;i(z) = 0, 
^2(2) = 0, z G C \ [0, +00) will satisfy the required conditions. If one of the two measures, 
say /j, is concentrated at a point a G (0, +00), then the corollary is obviously true, with 
uj\(z) = 772(02;) /a and u>2(z) = az. If none of the two measures is a point mass, then, as we 
have already seen, if we let 771 = 77- and 7/2 = r] u , then the functions uj\ = uj and u>2 = u) 
provided by Corollarv ll.281 will satisfy the requirements from the statement of the Corollary. 
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Property (a) has been proved before for the functions u),u> (see relation @). To prove 
property (b), observe that, by Proposition 11.251 and Remark II .261 we have 

wi(O-) = hnWy) = limry-^T? ffli/ (y)) = \\m% l {z) = 0. 

Property (c) has been proved in Corollary 11.281 and property (d) follows trivially from the 
similar property of the functions n. □ 

Next, we use the boundary properties of the subordination functions uj\,uj2 to describe 
the atomic and absolutely continuous parts with respect to the Lebesgue measure of the 
free convolution \i M v of two probability measures on the positive half-line, none of them a 
point mass. We start with some observations about the boundary behaviour of the function 
ipai particulary in the neighborhood of an atom. Fix a probability measure \i on [0, +oo) 
and a real number a > 0. The following two lemmas indicate how the presence or absence 
of an atom of \x can be detected from the boundary behaviour of tpu. 



Lemma 1.32. Suppose that {z n = x n + iy n }^Lo is a bounded sequence in C \ [0,+oo) 
which converges tangentially to [0, +oo) ; i.e. 

Vn 



lim 

n— >oo X n — t 

for all t £ [0, +oo). Then lim n _ i . 00 y n ipu(z n ) = 0. 







Proof. Indeed, 



\yn^ii(z n )\ < y, 



[0,+oo) 



t(x n + iy n ) 



1 - t(x n + iy n 



dfi(t) 



< 



+ 



4+oc) (Si + Xn) 2 ) 1 / 2 ^ 

L 



[0,+ooj ((7 -xnY + yiyr- 



The hypothesis implies that 



lim 



lim 



™ ((} " Xn) 2 + yl) 1 ' 2 ™ ((I " X n y + y2)V 



for all t £ 
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Moreover 



Vn 



((} " Xn? + Vl) 1 ' 2 



1 - tz n 

and the desired result follows by dominated convergence. 



t Z), 



Vn 



< 2 sup | z n | 



□ 



Lemma 1.33. Suppose that {z n = x n + iy n }^ =Q , is a bounded sequence inC\ [0, +oo), 
a G (0, +oo) and z n — > i nontangentially, i.e. 

Vn 



inf 

n&i 



'Ma) 



> 0. 



Then lim^ootl - az n )ip Jz n ) = /u({a}). 



Proof. Fix m > sup 



rteN 



x n -(l/a) 



|(1 - z n a)z n t\ 
\l-z n t\ 2 



and observe that 



\{l/a)-x n ) 2 + yl 



{{l/t)-x n f + yl 



2/2 , -Z\ 

a {x n + y n )- 



1 + 



(l/a)—x„ 



1 + 



< sup \z n \(m 2 + 1) 



rteN 



f or t 7^ 0. The inequality remains trivially true for t = as well. Now — i ^ ct )^ nf — > if 
t 7^ i and — Zn °^ Znt — ^ 1 if t = l/a. The conclusion of the lemma follows then from the 

' CL _L -Sri, C 



dominated convergence theorem. 



□ 



Remark 1.34. Relation G^(l/z) = z{i^^{z) + 1), z £ C + , implies that whenever Vvlc+ 
extends analytically through a point x G (0, +00), will extend analytically through 1/x, 
and hence the density of fi^ ac ^ with respect to the Lebesgue measure will be analytic in the 
point 1/x. 

We take care first of a particular case, not covered by Theorem II. 291 

Proposition 1.35. Let /i, v be two Borel probability measures supported on the interval 
[0, +00), none of them a point mass. Let a G (0, +00), and define u fl (z) = an fl (z)/z, 
u u (z) = arj u (z)/z, z G C + . The function Uu o u u is a conformal automorphism of the upper 
half-plane if and only if /i and v are convex combinations of two point masses. Moreover, 
in this case, ([iMv) sc = 0, and the density of (fiMv) ac with respect to the Lebesgue measure 
is analytic everywhere, with the exception of at most four points. 
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Proof. Observe that and u v are nonconstant functions taking values in the upper 
half-plane. We claim that both and u v are conformal automorphisms of C + . Indeed, let 
k be the inverse with respect to composition of o u u , so that 

Ufj,(u v (k(z))) = z, z G C + . 

This implies that u v is injective. Applying u u to both sides of the above equality gives 
u v {u^{w)) = w for all w in the open set {u u o £;)(C + ), so, by analytic continuation, for all 
w G C + . This proves that u u must be surjective, and thus an automorphism of C + . Now it 
is obvious that must also be an automorphism of C + . This proves our claim. 

As in the proof of Proposition 1 1 . 221 there exist real numbers p,q,r,s 6l such that 



det 



> 0, and uJz) = - — — -, z G C + . 

sz + r 



V 9 

s r 

Since zu^(z) = ar/^(z) G C + for all z G C + , we conclude that s / 0. Thus, we may assume 
without loss of generality that s = 1. Modulo a translation of // and is, we may assume that 
a = 1. By direct computation, 

, s f \ pz 2 + qz 

ri^z) = zu^z) = , 

z + r 

so that 

z(pz + q) 
-pz 2 — z(q — 1) + r 

Thus, [i is a convex combination of two atoms, at 



^A Z ) = —y> — — — tv— :> z G c 



q - 1 - y/(q - l) 2 + Apr q - 1 + y/ (q - l) 2 + Apr 

— &I1Q — . 

2r 2r 

with weights 

1,9+1 , 1 9+1 
— and . 

2 2r 2 2r 

A similar statement hold for v. 

Conversely, if v = tS u + (1 — t)5 v , then a direct computation shows that 

tu + (1 — t)v — zuv 



ip u (z) = z 



1 — z(u + v) + Z 2 UV ' 
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so 



and thus 



Observe that 



Vu(z) 



Uy{z) 



ipu(z) tu + (1 — t)v — zuv 

l + lf>v(z) ~ Z l ~ Z((l-t)u + tv)' 



-zuv + tu + (1 — t)v 
-z{(l-t)u + tv) + 1' 



z E C+ 



det 



t(l -t)(u-v) 2 > 0. 



— uv tu + (1 — t)t> 

-(l-f>u-iu 1 

This proves the first statement of the proposition. 

Assume now that fi = s5 a + (1 — s)5 u and v = t5p + (1 — t)5 v . Modulo a translation, we 
may assume that a = (3 = 1, u, v > 0. We shall compute the function rj corresponding to 
the measure (sS\ + (1 — s)5 u ) M (t5\ + (1 — t)5 v ) by the same method as in the Proposition 
11.221 Unfortunately, the expression of the function is much less manageable than in the 
additive case. As we have seen before, 

(s + (1 - s)u) - uz 

rj^z) = zu^z) = z- — -, 

1 — z(su + (1 — s)) 



and 



rj u (z) = zu p (z) = z 



(t + (1 -t)v) - vz 



1 - z(tv + (1 - t))' 

for all z £ C + . From equation @, we conclude that the subordination function u>i(z) must 
satisfy 



V wi(z) 



or, equivalently, 



uji(z) (s + (1 — s) u) — uu>i(z) 2 
1 — u>i(z) (su + 1 — s) 

z(uj 1 (z)(s+(l-s)u)-ULU 1 (z) 2 )(t+(l-t)v) vz 2 (u> 1 (z)(s+(l-s)u)-uu) 1 {z) 2 ') 2 
u)i(z)(1-uj 1 (z)(su+1-s)) uji(z) 2 (1-lo 1 (z)(su+1-s)) 2 



1 



j(wi(z)(s+(l-s)M)-«wi(z) 2 )(to+l-t) 
u>i(z)(l— u>i(z)(su+l— s)) 
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With the help of Maple, one can obtain the solution 

z 2 uv + z((v -u)(s + t-l) + (t- s)(vu - 1)) - 1 



2{zu{\ - t - tv) - (1 - s + su)) 
y/Az 4 + Bz 3 + Cz 2 + Dz + 1 



2(zu(l -t-tv)-(l-s + su)) ' 
where the coefficients A,B,C, and D are given below: 

A = uV, 

B = 2uv (0 + u)((t - l)(s - 1) - is) + (1 + uv)(t(s - 1) + s(t - 1))) , 

C = (u 2 + v 2 ){t + s - l) 2 

+ 2(s(l - s) + i(l - t))(u + v - 2to + u 2 v 2 + to- 2 ) 
+ kuv + (uV + l)(s - t) 2 , 
D = -2 ((u + w ) + ( u - l)(„ - l)(t(l - s) + s (l - i))) . 
From the expression of wi one can obtain UJ2 by simply interchanging (s,u) and (t,v). By 

©, JfaEb/O 2 ) = zeC\[0, +oo), so 

/ \ / s (s + fl — s)u) — nwif^) „. . 

ri l Mu{z)=u 1 {z) \ K 1 u; , zeC\0,+oo. 

1 — wi(z)(sii + 1 — s) 

Let us notice that, since G^&,(l/,z) = z(l — r/^a,^)) , the only points in (0, +oo) where 
the limit of G^m u is infinite are the points where the limit of equals 1, and can be 
continued analytically to x £ [0, +oo) if and only if r]^ y can be continued meromorphically 
to 1/x, and r]^ u {l/x) ^ 1. The only points where r)uMv may fail to extend meromorphically 
to [0, +oo) are the roots of the equation Az A + Bz 3 + Cz 2 A-Dz — 1 = 0, while rj^^fl/x) = 1 
if and only if 

ri i -. (s + jl-s^-ULj^l/x) 

V 1 ' 1-L0 1 (1/X){SU + 1- S) ' ' 

i.e. if LO\{Ajx) satisfies an equation of degree two with coefficients in R; the algebraic 
expression of u\ indicates clearly that there can be at most eight points x such that this 
happens. We conclude that there are at most twelve points in the interval [0, +oo) where 
GfMv may fail to continue analytically. We conclude that (/i M v) sc = 0, and the density 
of M v) ac is analytic everywhere, with at most twelve exceptions. This concludes the 
proof. □ 
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We are now ready to prove the main regularity result for free multiplicative convolutions 
of probability measures on the positive half-line (parts (1) and (2) of the theorem below 
appear also in [3]). 

Theorem 1.36. Let \x,v be two Borel probability measures supported on the interval 
[0, +00). Then: 

(1) The following are equivalent: 

(i) \i M v has an atom at a £ (0, +00); 

(ii) there exist u,v £ (0, +00) so that uv = a and fi({u}) + ^({v}) > 1. More- 
over, fi{{u}) + !/({«}) - 1 = (m B i/)({o}). 

(2) (u^)({0}) =max{/ i ({0}) )I /({0})}. 

(3) Assume that neither [/,, nor v is a point mass. Then (// i^) ac is always nonzero, 
and its density with respect to the Lebesgue measure is analytic outside a closed 
set of Lebesgue measure zero. The support of (// M u) sc is closed, of zero Lebesgue 
measure, and included in the support of (n M v) ac . 

Proof. We start by proving (1), (i)=>(ii). So let fj,, v satisfy condition (i). Set z n = 
- + i— , n > 1, and note that 

lim (1 - az n )ipu^„(z n ) = (fi& f)({a}) > 0, 

n— >oo 

by Lemma 11.331 This implies that lim n ^ 00 'if:^ u (z n ) = 00. We shall prove the existence of 
two numbers u, v £ (0, +00) such that, after possibly dropping to a subsequence, 

(j) uv = a; 

(jj) liuin^oo uj^(z n ) = 1/u; 
(jjj) lim^oo u v (z n ) = 1/v; 

(jv) the sequence 9u>^(z n )(3fia; M (2! n ) — (1/u)) -1 does not converge to zero; and 
(v) the sequence Qu u (z n )(Rij u (z n ) — (1/v))^ 1 does not converge to zero. 

First, we claim that the sequence {w /i (2 n )}^ ( L is bounded. Assume to the contrary that 
there is a subsequence of uj^{z n ) which tends to infinity. Observe that arg(a; At (z)) > arg(z) 
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by Corollary 11.311 so 



5fta; M (z„) — $l(z„) n 

(1 - az n ) 



1 - LdJZnjt 



Therefore 

ax 2 (^(z n )) 2 + (^(z n )) 2 



- ^(Zn)) 2 + (^(Zn)) 2 



< 



1 , / H! 2 -) 
a\ 2 1 I 3^ M (z n ) 



«\ 2 / a3faj M (2; rt 



< 1 + 



n 



which shows that the family of functions |m+ B t — > j is uniformly bounded 

and comverges pointwise to zero as n — > oo. So we conclude that rim n _ >00 i^ fl (uj^(z n )) = 0. 
But by Lemma 11.321 we obtain 



lim 

n— >oo 



v 



< (fiM v)({a}) = lim (1 - az n )ipuMu(zn) 
This contradicts the previous equality, and therefore {w^(-z n )}nGN must be bounded, as 
claimed. Passing to a subsequence, we infer the existence of u G C such that u; M (z n ) — ► ^ 
as n — ► oo. 

Setting v = a/u, we have 

lim w„(2!„ 



1 



1 



a lim 



n— >oo 



^(z n ) a/u 



1 



by ((SJ) and Lemma 11.331 Note that u, v £ (0,+oo); indeed, if u ^ (0, +oo), we would have 
ip^(zn) = il>n(vn(zn)) Vv( n )' which is a finite number. This proves (j), (jj) and (jjj). 
To prove (jv), note that 



lim I^U^rJVvO^/^n))! 



lim 

n— >oo 



■(1 - az n )il) l Mu(z n ] 



(uMv)({a}) lim 



-ia/n) 
= (uMu)({a})u > 

by Corollary 1 1 . 3 1 1 and Lemma ll.331 Also, the sequence 

^iO^(z n ) 



(—ia/n) 
> (/j,mu)({a}) lim 



- (1/u) 



n=0 



does not converge to zero, by Lemma 11.321 Dropping if necessary to a subsequence, we 
can assume that it is bounded away from zero. This proves (jv). Statement (v) follows by 
symmetry. 
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Conditions (jj) and (jv) allow us to apply Lemma 11.331 to conclude that 



n 



lim (1 - UJ^Zn^lp^UJ^Zn)) = fJ,({u}) 



and analogously 



lim (1 - u v (z n )v)^ v (u v (z n )) 



KW). 



n- 



■oo 



We conclude that 



MM) + KW) 



= lim [(1 - uJz n )u)ijjJ^u,{zn)) + (1 - u v (z n )v)il) v {(jj v (z n ))} 

n— >oo 

= lim [(1 - uJz n )u)'ij>JujJz n )) + u)Jz n )u(l - Lo u (z n )v)ip u (uj u (z n ))] 

n^oo 

= lim [(1 - io f _ i (z n )uj u (z n )uv)'ip^ 1/ (z n )} 

n— too ^ 

= lim [(1 - az n )tpaMu(zn) + a(z n - Uu{z n )u v (z n ))i)um{zn)] 

n— too 

= lim [(1 - az n )tp^ u (z n )] + lim [aw M (z„)uv(z n )] 

n— >oo u^oo 

= (/i K z/)({a}) +aa = l + (/i§ ^) ({«})> 



where we used (jHJ in the next to the last equality. This completes the proof of (i)=^(ii). 

To prove (ii)=>(i), consider two free selfadjoint random variables X and Y in the tracial 
noncommutative probability space (A, r) having distributions p, and v respectively. The 
fact that [i has an atom at u, v has an atom at v and fi({u}) + v({v}) > 1 is equivalent 
to the fact that there are projections p and q with r(p) + r(q) > 1 such that Xp = up and 
Yq = vq. Then p A q ^ and X 1 l 2 YX 1 l 2 (p A q) = -u-u(j? A g), so /i f has an atom at uv. 
This concludes the proof of part (1). 

To prove (2), let X and Y be two selfadjoint random variables as in the proof of (a). 
Note that for any projection p such that Xp = 0, we also have that X l l 2 YX 1 l 2 p = 0, and 
we deduce that (fi Kl ^)({0}) > ^({0}). Since Kl is commutative, we have (/i Kl ^)({0}) > 



We first prove the opposite inequality for (/i M ^)({0}) < 1. To do this, we analyze 
the behaviour of ip^iz) as z —* oo nontangentially to [0, +oo). Consider the truncated cone 
r = {x + iy : y > 0, x < y, \x\ + \y\ > 1} and note that for z = x + iy £ V we have 



max{/i({0}),i/({0})}. 
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zt 


2 


(x + iy)t 


1- zt 




1 — (x + iy)t 



2 

< 3, t G R+. 

Since lim^oo^gr tz^7 equals — 1 if i 7^ and if t = 0, the dominated convergence theorem 
yields litn z _» OOi ^ e r'0 ft (z) = ^({0}) — 1. Applying this fact to /i K z/ combined with ®, we 
obtain 

lim ^KW = l-(^,)( {0} ), 

2^00, ^er uj^{z)uj u {z) — z 

We deduce that Hindoo ^(z)w^(z) = 00 and therefore there is a sequence z„£T such that 
z n — > 00 and either uj^Zu) — ► 00, or w^fzn) — > 00. Assume for simplicity that oj^{z n ) — > 00, 
and note that oj^Zn) G T by Corollary 11.311 By the preceding calculations, we must have 

(A* H i/)({0}) - 1 = lim = lim ^M z n)) = MM) - 1. 

n— >oo n— »oo 

Thus (/ili/)({0}) < max{ / u({0}),^({0})} whenever (^S^)({0}) < 1. To conclude the 
proof, we must show that /u({0}) < 1 and ^({0}) < 1 implies (fj, M ^)({0}) < 1. Indeed, in 
this case Corollary 11.311 applies to show that tpfMu = ^0^ is not identically zero. 

The proof of (3) is similar to the proof of part (2) of Theorem 11.231 Suppose that 
(/i M v) ac = 0. Part (1) of the theorem shows that fi M v cannot be purely atomic, and thus, 
(/i v) sc 7^ 0. Since ^ja, = {^/ z)G^ u {l/ z) — 1, we conclude as in the proof of part (2) of 
Theorem II .231 that limyjo ^^iMv ( x + iy) = for almost all and that there exists a 

point xo G (0, +00) such that does not continue analytically through xq. Theorem ll.lUI 
can now be applied to the function and the point xq to conclude that C^V^a^o) = 

C+, and hence C(r]^ u ,xo) = C+. Relation (jlj implies that C(uj,Xo) n C + , j G {1,2} 
are also infinite sets (we recall that u\, loi are the subordination functions provided by 
Corollary II. 31|) . Applying Theorem II .291 and Proposition II .351 yields a contradiction. Thus, 
[i M v cannot be purely singular. 

Next we show that there exists a closed subset of [0, +00) of zero Lebesgue measure on 
whose complement the density f(x) = dx — is analytic. By Theorem ll.5l and Proposition 
11.241 there exists a set E C [0, +00) of zero Lebesgue measure such that for all x G R \ E 
the limits lim^o i^iMv (% + w)-, lii%-»o u)j (x + iy), j G {1,2} exist and are finite. Also, for 
almost all x G (0, +00) such that (1/x) G supp((// M v) ac ) \ E, with respect to (// IE1 v) ac , we 
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have lim yi o GfM, 



(i^) G C+, so that 



- lim GiMv 

x yio 



x + iy 



1 



) 



1 € C 



By equation at least one of lim y ^o Wj{x + iy), j G {1,2} must also be in C + . For 
defmiteness, assume that U\(x) = lim y _^o w i ( x + w) £ C + . Part (1) of Theorem 11.291 and 
Proposition 11.351 assure us that uj\ extends analytically through x. Since 0J\{x) G C + , the 
function ifiuMv = ipu ° Wli l also extend analytically through x. By Remark ll.34| we 
conclude that the density of {iMv with respect to the Lebesgue measure must be analytic in 
1/x. The set A of points x G supp((// Kl v) ac ) where f(x) = — — is analytic is open in 
HL, and its complement in supp((/x EB v) ac ) is of zero Lebesgue measure. On the other hand, 
if there exists an interval J C [0, +oo) \ supp((/U EE v) ac ), then lim y |o ^ip^v(x + iy) = for 
almost all x G R such that 1/x G J, and the argument used in the proof of the existence of 
the absolutely continuous part of /x Kl ^ shows that tp^u extends meromorphically through 
{x: l/x G J}. In particular, J D supp((/i El z^) sc ) = 0. □ 

3. Regularity for the free multiplicative convolution of probability measures 



The tools and methods from this section are very similar to the ones used in the previous 
section. Let ^ be a Borel probability measure on the unit circle T, and define the moment 
generating function 



This immediately yields the following result. 

Proposition 1.37. Let ip : B — » C be an analytic function. The following conditions 
are equivalent. 

(1) There exists a probability measure fi on T such that ip = t/v 



on the unit circle 




(Recall that B denotes the unit disk.) Observe that 




(2) ip(0) = and 'ftip(z) > -1/2 for all z G B. 
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The corresponding result for the function rjn = Vv/(1 + Vv) ^ s as follows. 
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Proposition 1.38. Let rj : ID — » C be an analytic function. The following conditions 
are equivalent. 

(1) There exists a probability measure fi on T such that n = rj^. 

(2) r?(0) = and \r}(z)\ < 1 for all z£B. 

(3) |?7(;20| < |*| for all zgD. 

Moreover, /i is a point mass if and only if there exists zq G B\{0} such that |^(^o)| = \ z o\- 

Proof. The equivalence of (2) and (3) is, of course, the Schwarz lemma, while the 
equivalence between (1) and (2) is a trivial consequence of Proposition 11.371 Suppose now 
that there exists zq G B \ {0} such that |t/ m (zo)| = \zq\- Then rj^(zo) = e l9 zq for some 
6 G [0,27r). The function g(z) = r]^(z)/z maps D into D, so, since |<7(^o)| = 1) by the 
maximum principle we conclude that g must be constant, and thus n^(z) = e l8 z for all 
Thus, ipfj,(z) = ze l0 (l — ze 10 )' 1 , so that \x = 5 e ie. The converse is trivial. □ 

Next we prove the analogue of Theorem II .271 for self-maps of the unit disk which fix the 
origin. 

Theorem 1.39. Let r/j : B — > B, j G {1, 2}, be two analytic functions, none of them a 



conformal automorphism of the unit disk, satisfying r]j(0) = 0, r]j(0) 7^ 0, j G {1,2}. Define 
f : (B U T) x D — > B by 




where we understand %r- 



as ij'(0). Then 



(1) The function f is analytic on B x B and takes values in B. 

(2) There exists a unique analytic function to : B — > B such that 



f(z,u{z))=u(z), zGB. 



Moreover, u>(0) = 0. 
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Proof. It is obvious that 

hm f(z,w) = —- , 

z^z ,w->0 Vi{v) 

for any zq G ©. The only problem that might occur is when there exists a wq 7^ such that 
Vi{ w o) = 0. But then 

m [z- 



lim f(z,w) 

Z—fZQ,W—fWo 



lim 

z— >zq,w— m>o 



Z- 



z 



z r]' 2 (0). 



So / is a well-defined complex-valued analytic function. To see that it takes values in the 
unit disc, we apply the Schwarz lemma to conclude that for any z G D, w G D \ {0} such 
that rji{w) / we have 



m \ z 



, m (w) 



< 



Ul < 1. 



This inequality extends by continuity to all points z, w G D. This proves (1). 

We now prove (2). Fix a point z G D\{0}. As in the proof of Theorem ll,lfi| the function 
fz(w) = f(z,w) is a self-map of the unit disc, satisfying, as shown above, the inequality 
l/zC^)! < \ z \ < 1- Thus, according to Theorem 11.141 it must have a (unique) Denjoy-Wolff 
point. Denote it by uj(z). Since (by the same Theorem I1.14|) . we have \f' z (u(z))\ < 1, we 
can apply the Implicit Function Theorem to conclude that the dependence z *— > w(z) is 
analytic. Obviously, \\m. z -+QU)(z) = 1. This proves (2) and concludes the proof. □ 



As before, we observe that there exists an analytic function Q: 
zrji(co(z))/co(z), such that 



u>(z) 



The pair of functions is uniquely determined by the equations 



(6) 



1 



Tji(w(z)) = rj 2 (oj(z)) = -u{z)u(z 



As in Section 2, equatin Q can be expressed in terms of the functions ip = 77/(1 — rj): 

L0(z)uj(z) 



(7) 



z — ui{z)lu{z) 
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Remark 1.40. It is obvious that the condition r/^(0) / 0, j £ {1, 2} cannot be removed 



since in that case we would (by Theorem ll,14j) have oj(z) = oo{z) = for all z £ B. However, 
one can still consider the case when only one of the two functions 77, say 771, has its derivative 
at the origin equal to zero. Indeed, in this case the proof of Theorem II . 391 applies to provide 
a function u with the property that uj(z) is the fixed point of f z . In this case we can still 
define Q by £o{z) = zr]i(u>(z))/u>(z), but Q(z) will not be necessarily the fixed point of 
g z = g(z, •), where 



in fact, if there exists a point wq 7^ in the unit disk such that 772(100) = 0, then g z (0) = 
for all z£». 

In the following theorem we describe some boundary properties of the functions u and 
u. Since the proof is similar to the proofs of Theorems 11.171 and 11.291 we omit it. 

Theorem 1.41. Let 771, 772, / and u be as in Theorem \1.39\ Fix a point a £ T and define 
the following two self-maps of the upper half-plane: uAz) = ar}j(z)/z, j £ {1>2}, z £ D. 
Assume that U2 U\ is not a conformal automorphism o/B. Then: 

(1) If C(u>, a) n D 7^ 0, then the function lo extends analytically in a neighbourhood of 
a. 

(2) Assume that there exist open intervals I\, I2 such that rjj continues analytically 



We shall apply the previous results to the study of free convolutions of probability 
measures on the unit circle (for details, see |32j ). The definition and properties of the 
5— transform for measures on T are similar to the ones from Section 2. However, in order 




through {e lS : 9 £ Ij}, j £ {1,2}. Then the limit lim z _^ a ^(21) exists in B. 



to invert the function 77^ around zero one needs the condition 77^ 
to J Q 27r e lt dfj,(e lt ) 7^ because 



(0) / 0. This is equivalent 
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Under this condition, the inverse n~ l is defined in a neighborhood of zero, and so is = 
n^ 1 (z)/z. The identity 

holds in a neighborhood of zero provided that rj' (0) 7^ 7^ ^(0). We can now prove 
a subordination theorem for free multiplicative convolution on the unit circle (see |13| . 
Theorem 3.5). 

Corollary 1.42. Given two Borel probability measures /i, v on the unit circle, there ex- 
ists a pair of analytic functions coi,t02'- B — * B such that T] tl {uj\[z)) = r] u (u>2(z)) = n^ v {z), 
z£D. The pair of functions lo\,lo2 is uniquely determined by the following properties: 

(a) zr]^ u (z) = u\{z)u2{z), z£l; 

(b) w i (0) = 0, i€{l,2}; 

(c) \uj(z)\ < \z\ for all z G D, j G {1,2}. 

Proof. If both ^ and have first moment equal to zero, then we conclude by Definitions 
10.21 and IU. 51 that jiMv has all moments equal to zero, so [i M v is the uniform distribution 
(the Haar measure) on T. We conclude that n^ u {z) = for all z G B, so the functions 
uj\(z) = U)2{z) = 0, z G D will do. If only one of the two measures has first moment zero, 
then, choosing in Remark II .401 u>\ = to and 0J2 = Co will provide the required pair. Observe 
that in this case the function uj\ is uniquely determined. If both \i and v have nonzero 
first moment, then choosing u\ = u in Theorem 11.391 and LO2 = Co from equation (jSJ) will 
do. The uniqueness is guaranteed by Theorem ll.39l and the properties (a) through (c) are 
elementary consequences of Theorem 11.391 □ 

For measures on T we shall consider absolute continuity with respect to the uniform 
distribution on T. The notations will be the same as in Section 1. The following regularity 
result holds for free convolutions of probability measures supported on T. The proof (see 
also [31) is similar to the proofs of Theorems 11.231 and 11.361 and will be omitted. 



Theorem 1.43. Let be two Borel probability measures supported on T. Then: 
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(1) The following are equivalent: 

(i) n M v has an atom at a £ (0, +oo); 

(ii) there exist u,v £ (0, +oo) so that uv = a and //({«}) + v({v}) > 1. More- 
over, fi{{u}) + u({v}) - 1 = {n M v){{a}). 

(2) Assume that neither /x, nor v is a -point mass. Then M u) ac is always nonzero, 
and its density with respect to the Lebesgue measure is analytic outside a closed 
set of Lebesgue measure zero. The support of (p M u) sc is closed, of zero Lebesgue 
measure, and included in the support of (fi Mv) ac . 



CHAPTER 2 



Semigroups relative to free convolutions 

In this chapter we study from an analytic point of view the existence and some properties 
of partially defined free convolution semigroups. The existence of these objects, which have 
no classical counterpart, has been first observed in jllj : it is shown there that for any given 
compactly supported probability measure /i on the real line, there exists a number T > 1 
and a family of compactly supported probability measures {[it '■ t > T} on M such that 
Ht+s = Mi EH /i s for all s,t > T and (it = \i EE • • • ffl \i for t G N, t > T. Using combinatorial 

t ti mes 

tools, Nica and Speicher have proved in |26j that all the above statements are true for 
T = 1. 

An analytic approach to the existence of the family {fi t : t > T} can be found in As 
a consequence of results in Chapter 1 we know that for any t G N, there exists an analytic 
self-map tot of C + such that G^ t = o tu t . In [4] it is shown that this result extends to 
noninteger values of t > 1. The proof of the existence of the subordination function turns 
out to provide a sufficient argument for the existence of the measures fit for all t > 1. Several 
regularity results are deduced from properties of the function tut- 

The approach presented in this chapter is based on Theorem 11.141 We show existence 
and regularity properties for measures in partial semigroups with respect to both additive 
and multiplicative convolutions. We also investigate connections with infinite divisibility 
with respect to free and boolean convoluitons, and point out some new properties of the 
Cauchy transforms of measures which are infinitely divisible with respect to free convolu- 
tions. Most of the results presented here appear in 0. 
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1. Partial semigroups with respect to free additive convolution 

We present first a global inversion theorem for certain analytic functions denned in the 
upper half-plane. A somewhat weaker result has been proved in 4 , Theorem 2.2. 

Theorem 2.1. Let H : C + — > C be an analytic function such that QH(z) < Qz for 
z G C + , and the limit 

r H(iy) 
a = nm — ■ 

j/^+oo iy 

is strictly positive. 

(1) For every a G C + there exists a unique z G C + such that H{z) = a. 

(2) There exists a continuous function uj : C + U R — > C + U M. such that ui(C + ) C C + ; 
uj\q is analytic, and H(u>(z)) = z for z G C + . 

(3) For each a G C + UIR ; uj{a) is the Denjoy-Wolff point of the map g a : C + — ► C + UM 
defined by 

9a(z) = z + a — H(z), z G C + . 

(4) The function uj satisfies 9?a/(z) > 1/2, z G C + , and 

\u(z\) - 0J{Z2)\ > -\Z\ - Z 2 \, Zl, Z2 G C + U R. 

In particular, uj is one-to-one. 

(5) If a G M is such that Quj(a) > 0, then uj can be continued analytically to a neigh- 
borhood of a. 

Proof. Let us first consider the function (p(z) = z — H(z) which maps C + to its closure, 
and therefore can be written in Nevanlinna integral form 

r°° \ + zt 

tp(z)=c + bz+ da(t), z G C + , 

J — oo " Z 

with c G R, b > 0, and a a Borel, finite, positive measure on the real line. Since clearly 

hm ^yl = b , 

y^+oo iy 

and Qip(z) > bQz, we easily deduce that a = 1 — b and a G (0, 1]. 
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In order to prove (1), fix a E C + . We shall argue that the Denjoy- Wolff point of g a 
belongs to C + . First, 

^9a(z) = $sz + 9a — ^sH(z) > > 0, 

so that the Denjoy- Wolff point cannot be a real number. On the other hand it cannot be 
infinity either because 

lim — — - = > 1, 

y->co iy + a — H(iy) 1 — a 

where the last fraction must be understood as +oo if a = 1. Denote then by z a E C + the 
Denjoy- Wolff point of g a , and note that it is then the unique fixed point of g a . Fixed points 
z for g a are precisely points with H(z) = a, and the function co(a) = z a is analytic, by the 
implicit function theorem. This proves (1), and the part of (2) and (3) pertaining to points 

a E C+ 

Let us note at this point that g a is not a conformal automorphism of C + , and therefore 
|<7a(z Q )| < 1. Equivalently, 

1-H'(u(a))\ = \1-H'(z a )\ < 1, 
so that 3?u/(a) > 1/2 for all a E C + . This implies the inequality 

\u)(zx) - uj(z 2 )\ > -\z\ - z 2 \, z 1} z 2 E C + . 

We shall show now that co extends by continuity to a function : C+ U {oo} — > C+ U {oo}, 
and thus the preceding inequality will persist for zi,z 2 E C + (the proof appears also in 
[4] . Proposition 2.4). First assume that there exists a sequence z n — > x such that the limit 
A = limfj^oo u)(z n ) exists and belongs to C + . In this case we have H (A) = x. Denote by n > 1 
the order of the zero of H(z) — x at z = A. We can find analytic functions uj\,uj 2 , . . . ,iv n 
defined in a set of the form = {w : < \w — x\ < 5, w x — ilR+} such that H(u)j(w)) = w 
for w E O and j = 1,2, ... ,n. Clearly uj must coincide with one of the functions ujj on 
0, Pi C + and it follows that uj extends continuously to the interval (x — S, x + 8) . 

Assume to the contrary that there is no sequence z n as in the first part of the argument. 
In other words, if z n — * x and lim n ^ OQ uj(z n ) exists, this limit is either infinite or real. As- 
sume now that two sequences z n ,w n E C + have limit equal to x and the limits linin^oo u>(z n ), 



u'ipt) 
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lirrin^oo (v(w n ) exist and are different. Consider a continuous path 7 : (0, 1) — > C + passing 
through all the points z n and w n , and such that linn^i j(t) = x. There exists then an open 
interval (a, (3) C R such that for every s £ (a, (3) there is a sequence t n — ► 1 such that 
w(7(t n )) — ► s. In fact i n can be chosen so that u;(7(i n )) — > s nontangentially as n — > 00. 
Since H(uj(^(t n ))) = j(t n ), we deduce that the nontangential limit i?(s) of -ff at s is equal 
to x almost everywhere. Theorem 11.71 shows now that H must be constant, and this is a 
contradiction. Therefore \im z ^ x lv(z) exists. The case x = 00 is treated similarily. 

To conclude the proof of (2) we still need to show that uj(x) is finite if x E R. This will 
follow once we establish (3) for points on the boundary. 

We proceed by proving that (3) and (5) hold for a point a S R with the property 
that co(a) £ C + . Fix such a point a, and set w = uj{a). With the trivial exception of 
H(z) = z + c, c G R, the function g a still maps C + to C + , and g a {w) = w. Indeed, 

H(w) = H(uj{a)) = \\mH{oj(a + iy)) = lim(a + iy) = a. 

2/4-0 ylO 

Thus w is indeed the Denjoy-Wolff point of g a . We conclude that |<7a( u ')l ^ 1) with 
equality only when g a is a conformal automorphism of C + . The last case is trivial. Indeed, 
when a < 1, we have g a (oo) = 00, so that g a can only be an automorphism of the form 
9a(z) = (1 — a)z + b for some b S R. In this case H(z) = az + a — b, and the conclusions of 
the theorem are obvious since 

u(z) = ~(z — a + b). 
a 

If a = 1 and g a is an automorphism, we must have 

r 

9a(z) = b 



d — z 

for some real numbers b, c, d with c > 0. In this case 

H(z)=z + a-b + ^- d , ^) = l-7-^ 

and the zeros of ii 7 are d ± y/c £ R. We conclude that H'(w) 7^ 0. The same conclusion 
holds when is not an automorphism because 

\l-H\w)\ = \g' a (w)\<l. 
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In both cases, the local inverse of H at w will be an analytic continuation of cu in a neigh- 
borhood of a. 

To conclude, we must complete the proof of (3) by showing that uj(a) cannot be infinite 
if a 6 R, and that u>(a) is the Denjoy- Wolff point of g a . Fix then a E R, and exclude 
the case u){a) G C + which has just been treated. We can also assume that the map g a is 
not a conformal automorphism of C + , since in this case the function uj can be calculated 
explicitly. As in the first part of the proof, 

hm — r— = hm — - = > 1, 

y->°° 9a[W) y^°° iy + a — H (yy) 1 — a 

which shows that oo is not the Denjoy- Wolff point of g a . We conclude then that this 
Denjoy-Wolff point real number. We will show that to (a) = z a . To do this we 

observe that (since the Julia-Caratheodory derivative of g a at z a is no more than one) g a 
maps the horodisk D y = {z : \z — (z a + iy/2)\ < y/2} into itself for y > 0. In particular, 
since g a has no fixed points in C + , 

%g a (z a + iy) <y, y > 0. 

Therefore 

QH(z a + iy) = Q(z a + iy + a- g a (z a + iy)) = y- Qg a {z a + iy) > 0. 
We also have 

lim H(z a + iy) = lim(z Q + iy + a - g a (z a + iy)) = a, 
yio yio 

so that, at long last, 

Lu(a) = ]hnu(H(z a + iy)) = lim(z a + iy) = z a , 
yio yio 

as claimed. □ 

Let now \i be a Borel probability measure on R. We shall use Theorem 12. II to prove the 
existence of a family {/j, t : t > 1} such that \i\ = [x and [i t +s = IH ffl Ms- We recall that, 
by Theorem 11.191 it will be enough to show that for each t > 1 there exists a probability 
measure [it on the real line such that ip^ t (z) = tip^z) for z in the common domain of the 
two functions. A slightly weaker version of this result can be found in [3]. 
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Theorem 2.2. Consider a Borel probability measure fi on M, and a real number t > 1. 

(1) There exists a probability measure nt satisfying <fu t (z) = tcp^(z) for z in the com- 
mon domain of the two functions. 

(2) There exists an infective analytic map u% : C + — > C + such that F^z) = F^{ujt{z)), 
forze C+. 

(3) We have Ut(z) = \z + (l — \) F^z), and H t (uj t (z)) = z, where H t (z) =tz + (l — 
t)F li (z),forzeC+. 

Proof. If t = 1, clearly \i\ = f/, and oj\{z) = z will satisfy the conclusions of the 
theorem. Assume therefore that t > 1. We clearly have 

$tHt{z) = t&s - (i - l)^F^(z) 
< tQz - (t - l)3fc 



= 3% 

and 

lim ^l = t-(t-l) lim 5iM = l. 

Therefore, Theorem 12.11 implies the existence of an analytic function cut ■ C + — > C + satis- 
fying Ht(ut(z)) = z, z G C + . We also have ^^(z) > ^sz and limy-^+oo LOt(iy)/iy = 1. It 
follows that the function 

fi(z) = **^, ,GC+ 
tv ; t — 1 ' 

satisfies the conditions QF t (z) > Qz, 2 G C + , and lim y _^ +00 F t {iy)/{iy) = 1. By Proposition 
11.21 these conditions imply the existence of a Borel probability measure fit on M satisfying 
F„ t = i^. Note that the definition of Ft yields the first formula in (3). To prove (2) we 
observe that 

W = ^=^, zee-, 



so that 



F,(u, t (z)) = tU} f} i Z =F t (z), z G C + . 
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Finally, let us observe that, for z in the domain of definition of ip^, we have 
= F^iuJtiz + ip^tz))) 

= F„ Q [z + <p m (z)} + (l - Vj F Mt (z + ^ (z)) 



= F M (z + -^(z) 

where we used (2) in the second equality, and (3) in the third equality. We conclude that 
the function p(z) = jip fH (z) satisfies lim^o yp{w) = and F fl (z + p(z)) = z. Therefore, 
p(z) = tp^(z), which proves (1). □ 

Due to their properties, it is natural to denote the probability measures fit from the 
theorem above by p^ 1 . In the following, we describe regularity properties of probability 
measures pP l for t > 1. We shall use Theorem 12 . 1 1 and Theorem l2.2l to describe the boundary 
behavior of F at and thus characterize the absolutely continuous, singular continuous, and 
atomic, parts of \i . We recall that — ^QG fl (x + iy) is the Poisson integral of the measure 
p, and hence p can be recovered as the weak*-limit of the measures 

dvy{x) = QGn(x + iy) dx 

as y I 0. In particular, the density of p (relative to Lebesgue measure) is the dx-a.e. limit 



of (— l/-7r)3 ; G^(x + iy) as y 1 0, and this limit is, as seen also in Lemma ll.21| a.e. infinite 
relative to the singular part of the measure p. More specifically, x is an atom of p if and 
only of F^x) = and the Julia-Caratheodory derivative F'^(x) is finite. The value of this 
derivative is then 

F > ] = MM) ' 

These observations can now be used to prove a somewhat stronger version of the regularity 
results proved in [I]. 



Theorem 2.3. Let p be a probability measure on R, and let t > 1. 
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(1) A point x £ R satisfies F^mt{x) = if and only if x/t is an atom of fi with mass 
fi({x/t}) > (t — l)/t. If fj,({x/t}) > (t — l)/t, then x is an atom of fjP 1 , and 

M a ({x})=t M ({f}) -(*-!)• 

(2) The nonatomic part of fjP* is absolutely continuous, and its density is continuous 
except at the (finitely many) points x such that F m(x) = 0. 

(3) The density of is analytic at all points where it is different from zero. 

Proof. Assume first that F^ at (x) = 0. This is equivalent to u)%{x] = x/t, or, equiva- 
lently, x/t is the Denjoy- Wolff point of the function g x (z) = z—x+Ht(z) defined in Theorem 
12.11 (3). By Theorem 11.141 and the definition of g x , this is equivalent to Ht(x/t) = x and 
H[(x/t) > 0. We have then 

.-ff,(f)-.f-( t -l Wl (f)-.-(l-l)F,(f), 
so that F^x/t) = 0. Moreover, H[{z) = t - (t - l)F'^{z), so that 

t-(t-l)*j(f) >0. 

This yields FL{x/t) < t/(t — 1), indicating that x/t is an atom of n with the required mass. 

Conversely, if ^({x/t}) > (t — l)/t, then the calculations above show that Ht{x/t) = x and 

H[(x/t) > 0. Thus, g x (x/t) = x/t and g'(x/t) < 1. We conclude by Theorem II. 141 that x/t 

is the Denjoy- Wolff point of g x . Thus, x/t £ o^(R), and tot(x) = x/t. Therefore 

_ , . tooAx) — x 
F fl m(x)= =0. 

In case fi({x/t}) > (t - l)/t, we have H[(x/t) = t — (t — \)F'{x/t) > 0. This implies that 
g' x (x/t) < 1 and therefore 

H t (z)-x 
hm — 

z — >x/t Z — X/t 

< 

exists and belongs to (0,1). We conclude that Ht maps any nontangential path 7 inC + 
ending at x/t into a nontangential path ^(7) ending at x, and having the part sufficiently 
close to x included in C + . Thus, u>' t (x) = l/H[{x/t). We deduce that 

= tuj t {x) - 1 h^{x/t})-(t-l) 1 1 

^ A J t-1 t-1 ^({x/t})-(t-l)' 
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This shows that x is an atom of /J^ with the required mass. 

As noted above, F mt{x) = almost everywhere relative to the singular part of fj, . 
We deduce that this singular part has finite support, and therefore it is purely atomic. The 
density of is simply $t(l/F mt(x)), and is therefore continuous at all points where the 
denominator is not zero. The analyticity of this density follows from the analyticity of ujt 
at points i£l where u>t(x) ^ R (see Theorem 12. II (5)). □ 

In the following, we apply Theorems 12.21 and 12.11 to point out connections between 
free and boolean infinite divisibility and describe some properties of reciprocals of Cauchy 
transforms of infinitely divisible measures with respect to free additive convolution. 

Definition 2.4. Given an arbitrary convolution *, we say that a probability measure [i 
is infinitely divisible with respect to * if for any n E N there exists a probability measure \i n 
such that fj, = fj, n ★ • ■ ■ * fj, n . 

n times 

We shall denote by ZP(*) the set of all probability measures which are infinitely divisible 
with respect to the convolution 

In |1U| Bercovici and Voiculescu have completely described infinitely divisible probabil- 
ity measures with respect to free additive convolution in terms of their R— transforms. We 
state the result below: 

Theorem 2.5. 

(i) A probability measure fi on R is EE- infinitely divisible if and only if (fn has an analytic 
extension defined on C + with values in — C + U R. 

(ii) Let ip : C + — ► — C + be an analytic function. Then ip is a continuation of (p^ for some 
^-infinitely divisible measure \i if and only if 

lim = 0. 

Next, we give an analytic characterization of boolean additive convolution (Definition 
IU.61 (a)), due to Speicher and Woroudi: 
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Theorem 2.6. Consider two probability measures fx and v on R. Then 
F mv {z) = F^z) + F v (z) -z, z e C + . 

(It is easy to observe that the operation l±) is commutative and associative. However, 
unlike for classical and free additive convolutions, 11 UJ 5 a is not usually equal to the shift of 
(j, by the amount of a.) 

Theorem 12.61 makes the following result of Speicher and Woroudi less surprising: 

Theorem 2.7. All probability measures on R are infinitely divisible with respect to 
boolean additive convolution. 

We can now prove the following result: 

PROPOSITION 2.8. Fix a number t > 1. With the notations from Theorem Wfy the 
following hold: 

(a) For any probability measure fi £ IT>(fB), we have $tF^(z) > 1/2 for all z £ C + , and 
F^ extends continuously to R. Moreover, /i sc = 0, has at most one atom, and 
the density of fx ac with respect to Lebesgue measure is analytic wherever positive; 

(b) The correspondence H t < — ► uJt induces a bijective correspondence 

<S? t : TD(\£) — ► JP(EB), 
with the property that ^t(p Uf) = ^(m) ^ ^>t{v) for all probability measures fx, v. 

Proof. Assume fx £ XD(ffl). By Theorem 12. 51 (fn can be continued analytically to C + . 
Let us observe, by part (ii) of Theorem 12.51 the function H(z) = z + tp^z) satisfies the hy- 
pothesis of Theorem l2.11 with a = 1. (Recall that a = lim y ^ +00 H{iy)/(iy).) Thus, there ex- 
ists an analytic self-map co of the upper half-plane such that H(lo(z)) = z, z £ C + . Applying 
<jj to both sides of this equality gives uj(H(w)) = w for all w £ w(C + ). Part (4) of Theorem 
12.11 implies that \\m y ^ +00 uj{iy) / '(iy) > 1/2, so we conclude that lim 2/ _ >+00 u)(iy)/(iy) = 1. 
But Ff 1 (H(z)) = z for z in some large enough truncated cone at infinity. We conclude that 
<jj = F^, and by part (4) of Theorem I2.H we obtain that ^Fu(z) > 1/2 for all z £ C + . The 
continuous extension of F„ to R follows from part (2) of the same theorem. 
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By definition of infinite divisibility, we know that jj, = EH fJ-1/2 f° r some probability 
measure on M. Thus, the statements refering to the absolutely continuous and singular 
continuous parts of [i follow from parts (2) and (3) of Theorem 12.31 Finally, by part (1) 
of Theorem 12.31 we know that in order for x to be an atom of /i, we must have F„(x) = 0. 
Since ^R-F^(z) > 1/2 for all z £ C + , we conclude that this can happen for at most one 
This completes the proof of (a). 

To prove (b), consider two arbitrary probability measures [i^v on R. Define H^(z) = 
tz + (1 — t)Fn(z), Ht( z ) =tz + (l — t)F u (z). As we have seen in the proof of (a), the right 
inverses cVf and uj\ of and H", respectively, are reciprocals of Cauchy transforms of 
probability measures which are infinitely divisible with respect to EE; denote them by ^t(p) 
and ^>t{v)- Observe that, by its definition, 

p* tW (z) = H?(z) -z=(l- t){F^z) -z), z G C+. 

Thus, 

= (l-t){F mv {z)-z) 

= (1 - t^F^z) - z + F u {z) - z) 

= {H?(z)-z) + {H»(z)-z) 

= V^ t (p)( z ) + w t (i/)Wi z e C + . 

(We have used Theorem 12.61 in the third equality.) We conclude by Theorem 11.191 that 
^t(/x l±l v) = ^t(/i) EH ^j(^). This shows that ^>t is an injective homomorphism. To show 
surjectivity, consider A G T2?(EH) and let H(z) = z + (p\(z), z £ C + . By Theorem 12.51 we 
have QH(z) < Qz for all z in the upper half-plane, and \\m y ^ +00 H(iy) / {iy) = 1. Let 

F(z)=(l + ^-j\z- T ± J H(z), z G C + . 

Observe that 

QF(z) = (l + — L-J 9z - —J&H(z) > (l + —J 92 - ^— j-3f-z = 9f«, 
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for all z E C + , and 

lim EM = 1 + J_-J_ lim S. L 

y— >+oo £ — 1 t — 1 y-^+oo 

We conclude by Proposition 11,21 that there exists a probability measure \x on M such that 
F = F^. A computation similar to the one above shows that ^t(fJ-) = A. □ 

A somewhat weaker version of part (a) of the above theorem can be found in [11 j . while 
for t = 2, the morphism described in part (b) is the Bercovici-Pata bijection (see jH] for 
details). 

2. Partially defined semigroups with respect to free multiplicative convolution 

on the unit circle 

A result similar to the one from Theorem 12.21 holds for free multiplicative convolutions 
of measures supported on the unit circle. However, as we shall see below, it is not always 
possible to start the semigroup at t = 1, and the semigroup is not unique. We begin with 
an inversion theorem for maps defined in the unit disk. 

Theorem 2.9. Let <3? : KB — > C U {00} be a meromorphic function such that $(0) = 
and \<&(z)\ > \z\ for all z G D. Then: 

(1) For every a£l there exists a unique z£D such that &(z) = a. 

(2) There exists a continuous function to : D — ► B such that a;(D) C D, u>\n is 
analytic, and $>(uj(z)) = z for z£D. 

(3) For each q£D, uj(a) is the Denjoy-Wolff point of the map g a : B — ► B defined by 

OLZ 

(4) The function uj is one-to-one. 

(5) If C E T is smc/i i/iai |w(C)| < 1; i/ien a; can 6e continued analytically to a neigh- 
borhood of C- 

Proof. If a = 0, then z = is indeed the unique point for which $(z) = 0. Assume 
therefore that a E B \ {0}. The function g a is analytic on B, and 

\g a (z)\<\a\<l, zeB. 
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We conclude that the Denjoy- Wolff point of g a is in ID, and therefore there exists a unique 
z a G B such that g a {z a ) = z a , namely this Denjoy-Wolff point. Since 

the point z a cannot be zero, and therefore the equation g a (z a ) = z a is equivalent to 3>(z) = 
a. The function u(a) = z a is easily seen to be analytic. 

To complete the proof of (2), we must show that for every £ G T, the limit lim^^ u(z) 
exists. We distinguish two cases: 

(a) There exists a sequence a n G ID such that hnin^oo a n = ( and the limit limn^oo to(a n ) 
exists and belongs to B; 

(b) For any sequence a n G B such that linin^oo a n = ( and the limit \\m. n ^ 00 uj{a n ) 
exists, this limit is in T. 

Assume first that (a) holds, and set w = lim ra _^ 00 co(a n ). We claim that g^(w) = w. Indeed, 

$(w) = lim $(u;(a n )) = lim a n = (. 

We deduce that w is the Denjoy-Wolff point of g^, and hence |</£(itf)| < 1, with strict 
inequality unless g^ is a conformal automorphism of B. This last case means that 

for some (3 G T and 7 GB. In this case 

If 7 = re 1 ', then the zeros of <£' are equal to e l '(r ± iy/l — r 2 ). Both of these zeros are on 
the unit circle, so that $>'(w) 7^ 0. We deduce that <5 is locally invertible at w, and the local 
inverse is an analytic continuation of a; to a neighborhood of £. 

When g^ is not a conformal automorphism, we must have < 1. Since 

, . , »®(w) - w<fr'(w) $'(w) 

we deduce that $>'(w) / 0, and the analytic continuation of lo at ( is obtained as in the 
previous case. 
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This argument shows that, in case (a) holds, oj has an analytic, in particular continuous, 
continuation at which also proves assertion (5). 

Next we deal with case (b). Assume that there exist two sequences a n , j3 n £ B such that 
limn-^ooO^ = lim n _Kx, /3 n = C, the limits lim^Qow(an), lim^oo uo((5 n ) exist, and they are 
different. Choose a continuous path 7 : [0, 1) —* B passing through all the points a n , j3 n , and 
such that limt_>i j(t) = £. It follows from our assumption that there exists an open interval 
/ in the unit circle T such that every point £ £ I is of the form £ = lim n _ >00 ci;(7(i£ )n )), 
where t^ n £ [0, 1) for all n. Moreover, the sequence {t^, n }neN can be chosen so that 
w (7(*£,n))/£ > 0, and thus u(j(t^ tn )) approaches £ nontangentially. Since 

lim $(u;(7(i£, n ))) = lim 7 (i f n ) = C, 

n— >oo n— >oo 

we conclude that the nontangential limit of <I> at £ is £ for almost every £ £ I. Privelov's 
theorem (Theorem 11.7(1 implies that $ is identically equal to £. This however is not true 
because <3?(0) = 0. This contradiction shows that the limit uj(C) = lim z ^ ft!Zg Dw(z) exists in 
case (b) as well. 

We have already shown that uj(a) is the Denjoy- Wolff point of g a provided that \a\ < 1. 
We will show that this is still true when a £ T. Fix a £ T, and denote by z a the Denjoy- 
Wolff point of g a . If \z a \ < 1, then g a (z a ) = z a so that $(z a ) = a. Since $ is analytic at 
z a , hence open, there exist points z r such that lim r |i z r = z a and <&(z r ) = rat for r close to 
1. However, property (1) shows that u){ra) is the only point in B such that <3?(a;(ra)) = ra. 
We deduce that 

Lo(a) = lim Lu(ra) = lini2: r = z a , 
rfl rfl 

as claimed. 

On the other hand, if \z a \ = 1, Julia's theorem shows that, for each e £ (0,1/2), g a 
maps the horodisk {w £ C : \w — (1 — s)z a \ < e} into itself. In particular, as g Q is not the 
identity map, |<fa((l — 2e)z a )\ > 1 — 2s and |z a — g a ((l — 2e)z a )\ < 2e. Therefore 
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and lim £ ^o ~~ 2e)z Q; ) = a. We conclude that 

uj(a) = lima;($((l - 2e)z a )) = lim(l - 2e)z a = z a . 

ej,0 ej,0 

It remains to prove that u is one-to-one on D. To do this, we observe first that for each 
a £ IS), uj{a) is the unique fixed point of g a , and g a is not a conformal automorphism of D 

as 

<? a (B) C {z : |z| < |a|} ^ D. 

Thus |^(a;(a))| < 1, so that 



1 — w(a) 



a 



< 1. 



Using the relation $'(o;(a)) = l/u'(a), the inequality becomes 

c<j(a) 



1 - 



which is equivalent to 



aw'(a) 

aw' (a) 
a;(a) 



< 1 



1 

>2- 



Consider now the logarithm of uo. More precisely, let h : (0, 1] x 
function such that e h ( r '^ = u{re lt ) for all r and t. We have 



C be a continuous 



so that 



d , , , .re*V(re**) 

— h(r,t) = i , 

at Lo{re u ) 



provided that r < 1. This implies the inequality 



1 



\h(r,h) - h(r,t 2 )\ >-\h-t 2 \ 

whenever r < 1. This inequality extends by continuity to r = 1 as well. Assume now that 
< ti < t 2 < 2tt are such that uj(e ltl ) = uj(e lt ' 2 ). In this case there must exist an integer k 
such that h(l, t\) = h(l, t 2 + 2fc7r), and this leads to a contradiction since t± ^ t 2 + 2A;7r. □ 

As in Section 1, we use the above theorem to prove the existence of a partially defined 
free convolution semigroup of measures on T. 

Theorem 2.10. Consider a probability measure \x on T having nonzero first moment, 
and let t > 1 be a real number. Assume that the function rj^ never vanishes on D \ {0}. 
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(1) There exists a probability measure /it on T such that J T ^dfj,t(Q 7^ 0, and = 
Eu(z) in a neighborhood of zero. Moreover, 77^ never vanishes on B \ {0}. 

(2) There exists an analytic function ut ■ O — > B suc/i that \ujt(z)\ < |z| and f]^ t (z) = 
ri^(io t {z)) for zGD. 

(3) We have 

and $>t(ujt(z)) = z for z € B, where 



Vn(z) 



t-i 



z G 



Proof. The function &t, denned as in (3), satisfies the conditions of Theorem [221 (this 
is an immediate consequence of Proposition 11.381 and the hypothesis), which proves the 
existence of a right inverse u>t for <J>£. We define then rjt = ij^ouJt, and observe that rjt = rju t 
for some measure jit on T. Indeed, this follows immediatly from Theorem 12.91 (2) and 
Proposition 11.381 Clearly rja t only vanishes for z = 0; this follows from the corresponding 
hypothesis on fx, and from the fact that tot is injective. 

To conclude, we must verify the identities in (1) and (3). The inversion relation 
§t(cat(z)) = z amounts to 



ut{z) 



t-i 



or 



This can also be written as 



ut{z) 



t-1 



u t {z) 



~u t {z)~ 


t-1 


z 


t-1 

z 


z 






u t {z) 



by injectivity of ut and the hypothesis on rjn- 



and hence 





t 


z 




l-t 


z 


'v^t(z) 


z 




.11 nA 


z). 




■nut (z) 


z 




LO t (z 


) _ 




z 


1/1 VlH ( Z ) 






z 




.V»t(z)_ 


z 


3 
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which verifies (3). Finally, if z is close to zero, we have 



-If \ -I t-1 



>?M (g) 



t-1 



Dividing by z we obtain the desired relation E„ ( (z) = □ 

It seems natural to denote /it by /x^*, but note that these measures are only determined 
up to a rotation by a multiple of 27ri. This is due to the choice involved in extracting roots. 
In case 77^ has zeroes in D \ {0}, we are assured by Theorem II .421 that 77^^ nas no zeros in 
D \ {0}. Thus, one can still define 

at least for t > 2. It will still be true that rj mt = rj^ocot for some conformal map Ut, but ut 
might not have a globally defined left inverse. Its left inverse z(z/r]^(z)) t ~ 1 is however the 
composition of two functions defined on D because u>t is the composition of two functions 
which do have global left inverses. 

Let us also observe that whenever f T = 0) IH is defined for any t > 2, and equals 

the uniform distribution (the Haar measure) on T. 

In the following, we shall discuss regularity properties of measures fit, t > 1. As we have 
observed at the beginning of Section 1.3 of the previous chapter, in the case of probability 
measures [i on T, we have 

1 / 1 \ "I r 2tt it 1 



it V 2y 2vr . . 

The real part of this function is the Poisson integral of the measure dfi(e~ lt ), and therefore 
this measure can be obtained as the weak*-limit of the measures 

d Vr ( e «)=«I U, M ( re *) + i 

as r I 1. In particular, the functions (l/7r)5R(^(re i ') + 1/2) converge dt-a.e. to the density 
of fi(e~ lt ), and they converge to infinity a.e. relative to the singular part of this measure. 
A number l/( 6 T is an atom of [i if and only if 77^ (C) = 1 and the Julia-Caratheodory 
derivative 77' (£) is finite (this follows from Lemma 11.321 and Theorem I1.13j) . In this case 
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this derivative is still given by 

Cv '» {0 = M ({i/c» ■ 

In the following result we will assume that a choice of arguments has been made so that 
the results of Theorem 12.101 are correct. When t is an integer, the following result is true 
without the assumption that r/^ have no zeros different from 0. 

Theorem 2.11. Let /j be a probability measure on T such that tj'{0) ^ 0, has no 
zeros in D\ {0}, and let t > 1. Consider the measure fi provided by Theorem \2.10\ and 
the corresponding functions <&t <ind tut 

(1) A point ( G T satisfies rj^ t (C) = 1 if and only ifu>t(() G T and l/uj t {(,) is an atom 
of n with mass fj,({l/u t (()}) > (t - l)/t. If n({l / uj t (Q}) > (t - l)/t, then l/( is 
an atom of fjP 1 , and 

A{i/(})=^({iM(C)})-(i-i). 

If r) m(Q = lj there is a real number 6 such that C, = e l9 and cot(C) = e* e// *. 

(2) The nonatomic part of is absolutely continuous, and its density is continuous 
except at the (finitely many) points £ such that n^ t (C) = 1- 

(3) The density of ii m is analytic at all points where it is different from zero. 

Proof. As in the proof of Theorem 12.31 (2) and (3) follow easily from the continuity 
and analyticity properties of u)t, once (1) is established. The formulas 



rj m (z) = n^ujtiz)) = z 



ut(z) 



z e 



z 

show that r] ® t extends continuously to D, and these equalities persist when z S T even if 
|tt>t(z)| = 1, provided that 77^(0^(2)) is viewed as a nontangential limit. This being said, let 
( G T satisfy r] m(C) = 1- The above formulas show that (C) I = 1] an d in fact <^t(C) is 
one of the (l/i)-powers of (. Since, according to Theorem 12.91 u>t(() is the Denjoy- Wolff 
point of the function g^(z) = C z /^t(z), we see, by Theorem II. 141 that $t(wt(C)) = C> an d 

^f^MO) > 0. 
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We will treat this derivative a little more carefully, on account of the fractional powers 
involved. We have 

Replacing z by uj t (C), and using the equalities <&*(wt(C)) = C and r/^(w t (C)) = ^Nt(C) = 1) 
we obtain 

-* t (c^(C)) = t-(t- l)u t [Qri Jut{Q) - 



C " ^ ' M{iM(C)}) 

This number is nonnegative precisely when fj,({l/u>t (C)}) > ~~ 1)A- Conversely, if uit(C) £ 
T, and /u({l/o;t(C)}) > (t—1) /t, then the above calculation will show that &t has nonnegative 
Julia-Caratheodory derivative at u>t(C)> and, since g^(uJt(C)) = w t(C)> we conclude that uJt(C) 
is the Denjoy- Wolff point of g^, so that $ t (wt(C)) = £. This implies 77 jat (C) = 1- The mass 
can then be calculated using the chain rule in case fj,({ l/uf(Q}) > (t — l)/i, as 
in the proof of Theorem 12,31 □ 

A connection similar to the one presented in Proposition 12.81 exists for measures on 
the unit circle. We present first an analytic characterization of multiplicative boolean 
convolution (Definition 10. HI (b)). due to Franz |21| : 

Theorem 2.12. Consider two probability measures fi and v on T. We have 

Unlike in the additive case, not all probability measures are infinitely divisible with 
respect to multiplicative boolean convolution, as the following theorem of Franz shows (see 
[H], Theorem 3.6): 

Theorem 2.13. A probability measure [i on the unit circle, different from the Haar 
measure, is infinitely divisible with respect to multiplicative boolean convolution if and only 
if there exists a real number b G [0, 2tt) and a finite measure p on T such that 

rj^(z) = zexp (ib - J j^TZ " ^(e")) > z£B 

Observe that, if [i is the uniform distribution on T, then rj^z) = for all z G B, and 
thus (j, is infinitely divisible with respect to 1*1. 
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We state below the analogue of Theorem 12.51 for free multiplicative convolution, as it 
appears in jS], Theorem 6.7: 

Theorem 2.14. 

(i) A probability measure \x on T with nonzero first moment is infinitely divisible if 
and only if there exists a function u(z), analytic in B, such that $tu(z) > for all 
z £ B and = exp(u(z)). 

(ii) Let u: B — ► — iC + be an analytic function. Then the function = exp(u(z)) 
has the form £ = for some ^-infinitely divisible measure fi with nonzero first 
moment. 

As in the case of multiplicative boolean convolution, we observe that the uniform dis- 
tribution is also infinitely divisible with respect to M. 

Proposition 2.15. Fix a number t > 1. With the notations from Theorem \2.1UL the 
following hold: 

(a) For any ^-infinitely divisible probability measure fj> on T, different from the uniform 
distribution on the unit circle, rju extends continuously to T, and the extension is 
injective. Moreover, /i sc = 0, \i has at most one atom, and the density of fi ac with 
respect to the uniform distribution on T is analytic wherever positive; 

(b) The correspondence <&t < — ► tot induces a bijective correspondence 

%:TD(\6) — ►2T>(H) ) 
with the property that \I> t (/j fell/) = ^(/x) M ^> t {v) for all fi, v G lV(n). 

Proof. Assume \i £ IT>(M). By definition, fx = /xi/2^/xi/2 f° r some probability measure 
Hi/2 on T with nonzero first moment. Thus, by Theorem l2.111 fi sc = 0, and \x ac has analytic 
density with respect to the uniform distribution on T. To prove injectivity of rja, observe 
that, by Theorem 12.141 T,^ = expou for some analytic function u on B with 'Stu(z) > 0, 
\z\ < 1. We claim that the function $(z) = zSm(z) satisfies the hypotheses of Theorem 12.91 
Indeed, $(0) = trivially, and 

\${z)\ = \z\\exp(u(z))\ > |^|e Rtl W > \ z y z G B, 
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by Theorem 12.141 (i). Thus, there exists an analytic self- map of the unit disk u such that 
<&(u(z)) = z, z G B. Applying u to both sides of the equality gives u($(w)) = w for 
all w G cj(D). Since <&{z) = if and only if z = 0, we must also have w(O) = 0. But 
rjfj,(^(z)) = z for z in some neighbourhood of 0. We conclude that = u, and thus, by 
part (4) of Theorem 12,91 we conclude that r/„ exitends as a continuous injective function to 
B. Finally, by part (1) of Theorem 12. Ill we know that in order for x G T to be an atom of 
[/,, we must have rja(x) = 1. The injectivity of rj^ implies that this can happen for at most 
one x G T. This proves part (a) of the proposition. 

To prove part (b), consider two arbitrary probability measures n, v G IT>(\$). Assume 
first that neither of them is the uniform distribution on T. Define 



t-i 



t-i 



z G 



Observe that, by Theorem 12. 131 the above functions are indeed well-defined, and — 
|z|, |$^(z)| > \z\. As we have seen in the proof of (a), there exist probability measures, denote 
them by \&t(/i) and ^(z/) such that the tof = ^ t ( M ), and uj" = r]^ t f v -\, where co^td" denote 
the right inverses of and respectively, provided by Theorem I2.1UI We claim that 
V^t(//), ^t{ v ) £ TV(M). Indeed, on some neighbourhood of zero we have ?7* t ( At )(^f(^)) = z, 
and hence T,^ t ^(z) = ^(z)/z = (z/r/ M (z))' _1 . By analytic continuation, this equality 
holds for all z G D. In particular, the function 

u(z) = (t-l)log— i-, ZED 

is well-defnied, analytic, and E^ t ( M )(,z) = exp(u(z)), z G B. Of course, \z/i]^(z)\ > 1 implies 
that Uu(z) = exp(\u(z)\) = exp((i - 1)| \og{z/'q li {z))\) > 0. We conclude by Theorem |2~TH 
that *t(» G Similarily, G 2T>(B). 

Assume now that /U is the uniform distribution on T. We define ^t(/u) = fi. Observe 
that in this case Vl/t (// &)z/) = fj,= ^t(p) 13^(1/). We have thus proved that vt^ is an injective 
homomorphism. To show surjectivity, let A G X'D(H). We may assume without loss of 
generality that A is not the uniform distribution on T. By Theorem l2.141 = exp(u(z)), 

z G B, for some analytic function u such that ^Stu(z) > 0. Let $(z) = zT,(z), z G B. We 



2. SEMIGROUPS RELATIVE TO FREE CONVOLUTIONS 78 

obviously have |3>(.z)| > \z\, and $(0) = 0. Define 

i 

Observe that rj(z) = z(exp(u(z)))~ = zexp(u(z)/(l — t)), and thus r/(0) = 0, and 

\t](z)\ < |z|(exp(Kn(z)))^ < \z\, z£l. 

We conclude by Proposition 11.251 that there exists a probability measure |ionT such that 
rj = rj^. Also, the function u(z)/(l — t) satisfies the condition ?R.u(z)/(l — t) < 0, and thus, 
by Proposition is of the form u(z)/(l — t) = ib — J T ~^- dp{e lt ) for some positive 

finite measure p on T, and some number b E [0, 2n). We conclude by Theorem 12.131 that 
fi G IT>(^). The computation above shows that ^t(^) = A. □ 

3. Partially defined semigroups with respect to free multiplicative convolution 

on the positive half-line 

The results that will be presented in this section are similar to the ones in the previous 
sections. As before, we shall start with an inversion theorem, this time for maps defined on 
the slit complex plane. 

The covering map u : C — > C \ {0} defined by u{z) = —e z provides a conformal map 
of the strip S w = {x + iy G C : \y\ < ir} onto C \ [0, +oo). Call v : C \ [0, +oo) — > the 
inverse of this conformal map. For any function $ : C \ [0, +oo) — ► C \ {0} there exists 
therefore a function / : S n — > C such that $ = uo f ov. When <!>((— oo, 0)) C (— oo,0), the 
function / is uniquely determined if we require it to be real-valued on M. or, equivalently, 
f(~z) = f(z),z £ S n . Thus, inversion results for functions defined on S n can be naturally 
formulated for maps on C \ [0, +oo). We will consider analytic functions defined in the 
band S w = {x + iy £ C : \y\ < tt} — > C, which is of course confer mally equivalent to 
the right half-plane, the equivalence being realized by ip : — > — iC + , <p(z) = e 2//2 . The 
map (f sends +oo to +oo and — oo to zero, and from this one can easily deduce what the 
Julia-Caratheodory derivatives should be at ±oo. For a function g : S n — > S w they are 

Km ^# = Km e^~^ 



T](z) 



Hz) 
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at +00, and 

lim e (3(-)-)/2 
a; J.— 00 

at —00. In order to use Julia's theorem, we will need to look at the horodisks associated 
with a point x + iir G dS w . If D is such a horodisk, then tp(D) is an ordinary disk contained 
in the right-half-plane, and tangent to the imaginary axis at the point e x / 2 i. The point in 
(the boundary of) D with the lowest imaginary part corresponds with the point in <f(D) 
with lowest argument. If <p(w) is this point, then the segment [0, tp(w)] must be tangent to 
(f(D) at (f(w), and therefore it must have the same length as the other tangent from the 
origin, namely [0, e x / 2 i}. We deduce that | | = e x / 2 , so that $lw = x. It is easy to see 
that any point in S^, with real part x, is the lowest point in some horodisk. The consequence 
we will use is as follows: if g : S n — ► S n is an analytic function with Denjoy- Wolff point 
x + Z7r, then Q(g(x + iy)) > y for y £ (0, ir). 

Theorem 2.16. Consider an analytic function f : S w — ► C with the property that 
f(~z) = f(z) for all z £ S w . Assume that there exists a number k > 1 such that lim t |_ 00 (fct + 
f(t)) = — oo and Qz < ^sf(z) < k^sz for all z G with > 0. Then: 

(1) For every a6 5» there exists a unique z G such that f{z) = a. 

(2) There exists a continuous function uj : — ► S w such that ^(S^) C S^, oj\S^ is 
analytic, \^su{z)\ < \^sz\, oj(z) = lo(z), and f(u(z)) = z for z 6 S^. 

(3) For each a 6 uj(a) is the Denjoy- Wolff point of the map g a : — ► S w defined 
by 

g a (z) = z-r(f(z) - a), z G S w , 

where r = ir/(k + it). 

(4) The function uj satisfies 

T 

\u(zi) - Uj(z 2 )\ > ~\Z1 - Z 2 \, Zl, Z2 e S n . 

In particular, uj is one-to-one. 

(5) If a £ dS-x is such that uj(a) £ S n) then uj can be continued analytically to a 
neighborhood of a. 
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Proof. Let us show that the functions g a map S n into itself. We clearly have, from 
the properties of /, that 

9z + 9a > Qg a (z) > 9z — h 9a, 9z > 0, 

K + TT K + TT k + TT k + TT 

and 

— - — 9z + 9a < 9<7 a (2;) < 9z + — — — h 9a, 9z < 0. 

k + 7T K + 7T + 7T K + TT 

The left-hand side of these inequalities is a convex combination of 9z and 9a, and hence 
is in (— 7r,7r). For the right-hand sides we observe that 

irk tt irk tt irk + it 2 
9z — h 9a > — 9a > ; = — tt 

k + TT k + TT k + TT k + TT K + TT 



for 9z > 0, and 



irk i 7r/c 7r irk + tt 
ksz + h 9a < h a < — = tt 

k + TT k + TT k + TT k + TT K + TT 



for 9z < 0. Observe that 



/'(*) = lim /(x + ^" /(x) > lim M^i±M > X 
yio iy 2/|0 y 



for all This implies that 



and similarly 



lim e^-s^O))/ 2 = lim e 7r (/( a; )- Q! )/ 2 ( 7r + fc ) = -|_oo 

rrt+oo x^+oo 



lim e (9«(^)-^)/ 2 = +oo. 

rrj.— oo 



We conclude that the Denjoy- Wolff point of g a is not ±oo, with the possible exception when 
/ is a real multiple of the identity map. If a G S n , then, by the above inequalities, 

g(S n ) cLc: \%z\ < n k + Qa 

V ' " \ ' ' - k + TT 

so the Denjoy- Wolff point of g a belongs to S w . Denote by z a this point. It is clear that 
f(z a ) = a. The function oo(a) = za is clearly an analytic self-map of S w . This proves (1) 
and parts of (2) and (3). 

We wish now to show that the function to has a continuous extension to S n . Fix a G dS w 
and, as in the case of the disk, consider two cases: 

(a) There exists a sequence {a„}„ e N Q S w such that lim n ^ 00 a n = a and limn^oo to(z n ) 
exists and belongs to S n ; 
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(b) For any sequence {a n }neN £ S n such that linij^oo a n = a and lim n ^ 00 uj(z n ) 
exists, this limit is in dS-^. 
If (a) holds and we set w = lim n ^ 00 cv(a n ), it is imediate that 

f(w) = lim f(oj(a n )) = lim a n = a. 

This implies that w is a fixed point for g a , and therefore w = z a . The map g a is never a 
conformal automorphism. Indeed, we have 

UX) = 1 " T^-f'(x) > 1 1 



k + 7T A; + 7T ' 

and this implies that ±oo are fixed points for g a . The only conformal automorphisms of 5^ 
with this property are translations g{z) = z + c, with c£R, and it is obvious g a does not 
have this form. We conclude that 



1 " TirfM 

K + 7T 



and therefore f'(w) ^ 0. Thus / is locally invertible at w, and the local inverse continues 
u> analytically in a neighborhood of a. Thus we have proved (5), the continuity of to at a, 
as well as assertion (3) in case (a). 

Assume now that (b) holds, and that there exist two sequences {a n }neN and {(3 n }neN 
in S-x such that lim n ^oo a n = lim^oo [3 n = a, the limits Yiva. n ^ 00 uj(a n ), lim^oo Lo(f3 n ) 
exist, and they are different. Choose a continuous path 7 : [0, 1) — > S n passing through 
all the points a n ,(3 n , and such that limt_>i ^(t) = a. It follows from our assumption 
that there exists an open interval / in dS n such that every point £ G / is of the form 
£ = linin^oo uj(-f(t^ jn )), where t^ )Tl € [0,1) for all n. Moreover, t^ n can be chosen so that 
Ka;(7(i£ in )) = 9?£, and thus u^it^^)) approaches £ nontangentially. Since 

lim f(u(j(t^ n ))) = lim7(t ?jn ) = a, 

n— >oo 

we conclude that the nontangential limit of / at £ is a for almost every £ G I. As / takes 
values in the band = (k/ir)S w , which is conformally equivalent to a disk, Theorem 11.71 
can be used to deduce that / is identically equal to a. This however is not true because 
/(0) G M. This contradiction shows that the limit u(a) = lim z _»Q, ^gs^ oo{z) exists in case 
(b) as well. 
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We will show next that assertion (3) is also verified in case (b). Let us note first that 
the point z a cannot belong to S n in this case. If it did, we would have f(z a ) = a, and we 
would deduce as before that / is invertible in a neighborhood of z a , and the local inverse 
continues w, which would place us in case (a) instead of (b). Thus z a is in dS T . Let us 
assume, for definiteness, that 9a = n, in which case we must also have ^sz a = it. As in the 
previous arguments, g a maps each horodisk at z a into itself. As noted before the statement 
of the theorem, this implies that, with x = $tz a and y G (0, n), g a ( x + iy) is a point close 
z a if y is close to tt, and with greater imaginary part. It follows that f{x + iy) G S n , and 
liuiyi h f(x + iy) = a. One concludes as before that to (a) = z a . 

Finally, for a G S w we have 



7T 



k + 7T oj'(a) 



1 



7T 



k + -it 



W*{Za)\ < 1, 



which implies that 



7T 



20 + tt) 

This implies assertion (4), first in S n , and then by continuity in the closure of the domain. 

□ 

As in the previous sections, we shall apply the above theorem to prove for each prob- 
ability measure fx on [0, +oo) the existence of a family {fi t ■ t > 1} such that = fx and 
fi s+t = n s Mnt. 

Theorem 2.17. Let fx 7^ So be a probability measure on [0, +00) , and let t > 1 be a real 
number. 

(1) There exists a probability measure fit / <5o on [0, +00) such that 
= for z < sufficiently close to zero. 

(2) There exists an analytic self-map of the slit complex plane Lot : C \ [0, +00) — ► 
C\ [0, +00) such that u>t((— oo,0)) C (— 00, 0), uj t (0— ) = 0, arga^(z) G [arg(z), 7r) 
for all z G C + , anc? rj^z) = rj^{oJt{z)) for all z G C \ [0, +00). 

(3) TTie function u t is given by 

z 



u t (z) = rj^ 



i/t 



z G C\ [0,+oo), 
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where the power is taken to be positive for z < 0. 

(4) The analytic function $t : C \ [0, +oo) — > C \ {0} defined by 

i t-i 



zeC\ [0,+oo), 



satisfies Qt(^t(z)) = z for z G C \ [0, +oo). 

Proof. Consider the analytic function / provided by the argument before Theorem 
I2.16( such that $ t = u o / o «. As <&((— oo,0)) C (— oo,0), the function / will be uniquely 
determined by the requirement that /(R) C R. Observe that lim :r ^_ 00 (2t — l)x + /(x) = 
lim-E—jo v{x <y2t ^ l ^t{— x )~ l ) = —oo, since lim^to x 2i ~ 2 (r^(x)/x)* _1 = 0, as it follows from 
the definition of rju- Moreover, since arg$t(z) G (iargz — (t — axgz], we conclude that 
Qz < Qf(z) < (2i — l)3?z. Thus, we can apply Theorem 12.161 to / to obtain a function u 
such that f(oj(z)) = z, z G 5^. An argument similar to the one in the proof of Theorem 
12. 1UI shows that the function tot = u o uj o u will satisfy the required conditions. □ 

A regularity result similar to the ones in Theorems 12.31 and 12.111 holds for semigroups of 
probability measures on [0, +oo). Since the proof no different from the proofs of the above 
mentioned theorems, we omit it. 

Theorem 2.18. Let \x be a probability measure on [0, +00), and let t > 1. 

(1) A point x G (0, +00) satisfies rj mt(x) = 1 if and only if x -1 /* is an atom of fi with 
mass /i({x -1 /*}) > (t — l)/t. If /i({x -1 /*}) > (t — l)/t, then 1/x is an atom of 
fi m , and 

H m {{l/x})=tn{{x- 1 ' t })-{t-l). 

(2) The nonatomic part of /jP 1 is absolutely continuous, and its density is continuous 
except at the (finitely many) points x such that rj m(x) = 1. 

(3) The density of /jP* is analytic at all points where it is different from zero. 



CHAPTER 3 

On monotonic infinite divisibility 

In this chapter we improve results of Muraki related to probability measures which 
infinitely divisible with respect to monotonic convolutions. Our main tools will be two 
theorems of Ch. Pommerenke and N. Baker, which provide solutions to the Abel equation 
for self-maps of the upper half-plane: given an analytic function /, we say that eft satisfies 
the Abel equation if there exists a constant c £ C such that 4>(f(z)) = <p(z) + c for all z in 
the domain of /. 

Muraki has given in i25 j an analytic method to compute additive monotonic convolu- 
tions (recall Definition lU,7|) of probability measures on the real line in terms of the reciprocals 
of their Cauchy transforms: 

Theorem 3.1. Let fj,, v be two probability measures on R. Then 

F^ v {z) = F„(F v (z)), zeC+. 

(For another proof of this theorem, see [J].) As definition 12.41 makes clear, a probability 
measure fi will be infinitely divisible with respect to \> if and only if for any n £ N there 
exists a probability measure \i n such that F^{z) = F°™(z) for all z 6 C + . (Recall that 
for a given self-map / of a domain D, f° n denotes the n-fold composition of / with itself: 
f on (z) = /(/(... f(z) ...)) .) Muraki has shown that for compactly supported measures 

S v ' 

n times 

infinite divisibility of n is equivalent to the embedability of F„ into a composition semigroup, 
i.e. a family {Ft : t E [0, +oo)} of reciprocals of Cauchy transforms of probability measures 
such that Fq = Fg , F\ = F^, and F s+t = F s o F t for all s,t > 0. 

Denote by H the right half-plane, H = — iC + , and consider an analytic function 
/: H — ► H such that lirn^+oo f(x)/x = 1. Following Pommerenke, we denote 

f on (l) = z n =x n + iy n , n £ N, 
84 
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and 

z n+l ~ Z n 

q n = — = , n G N. 

1 ~r Z n 

By Pick's inequality, < \Qn\, so that linin^oo |g n | exists and is finite. One can find 

two different types of solutions to the Abel equation for /, depending on whether q n tends 
to zero or not. The following two theorems from |27j and [2j make this statement more 
precise. 

Theorem 3.2. With the above notations, let k n : H — > H, 
k n (z) = z & H,n & N. 

(i) The limit k(z) = liim^oo k n {z), z G H exists locally uniformly, k(z) G H, and 
there exists a number b G R such that k{f{z)) = k(z) + ib, z G i?. 

(ii) fc(/(l)) = /(l) i/ and on/y i/ lim n _ >QO o n = 0. In this case k(z) = 1 for all z G H. 
(hi) Assume that bim^oo |g n | > and fix d G (0, 1). T/ien |y n | — ► oo, x n /x n +i -> 1 as 

n — > oo and £/iere exists m G N suc/i i/ia£ A; is injective on 

Uj m = {z G -ff : 3n > m,dx n < $tz < x n /d,Qz between y n and y n +i}- 

Furthermore, $lk(x + iy) — > +oo as x/x n — > +oo, and y is between y n and y n +i, 
n — > oo. 

It is remarkable that the convergence of {y n }neN is eventually monotonic, since b = 
lim n ^ 00 (?/ n _|_i — y n )/x n . For details we refer to |27| . page 443. 

Theorem 3.3. With the above notations, let 

h n {z) = f on W~ Zn : zeH,neN. 
Assume that lim n ^oo \ q n \ = 0. 

(i) The limit h(z) = linin^oo h n (z), z G H exists locally uniformly in H, and satisfies 
h{f{z)) = h{z) + 1, zeH. 

(ii) The function h is injective in 

oo 

G m = [J{x + iy. x> Xfc/2, \y - y k \ < x k }. 

k=m 
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For proofs, we refer to [27] and respectively. 

One can obviously apply Theorems 13, 21 and 13. 31 to self-maps of the upper half-plane, via 
the transformation z i— > if(-iz). We shall use these two theorems to prove that analytic 
self-maps of the upper half-plane that have the Julia-Caratheodory derivative at infinity 
equal to 1 can have at most one "square root" with respect to composition. 

Proposition 3.4. Let f,g: C + — ► C + be two analytic self-maps of the upper half-plane 
such that liniy^+oo f(iy)/(iy) = lim y _» +£X) g(iy)/ (iy) = 1. // / o / = go g, then f = g. 

Proof. Consider the following two self-maps of the right half-plane: f(z) = —if(iz), 
g{z) = —ig(iz), z G H. Since / = g if and only if / = g, we can reformulate the proposition 
in terms of self-maps of the right half-plane. So, consider / and g to be self-maps of the 
left half-plane H. Denote 

f on (l) = z n = x n + iy n , g on (l) = w n = u n + iv n , n G N, 

and let 

In = (Zn+1 - Z n )/(z n+ i +Zn), U G N. 

We shall consider separately the cases when lim n _ i . 00 \ q n \ > and when nnin^oo \ q n \ = 0, 
corresponding to Theorems 13.21 and 13.31 respectively. 

Assume first that {<7 n }neN is bounded away from zero. In this case 

, F 2n (z)-iy2n g o2n (z)-iy 2 n cU cm 

K2n\z) = = , z G H, n G N, 

X2n X 2n 

converges to a nonconstant function k with the property that k(f(z)) = k(g(z)) = k{z) +ib 
for some real number 6^0. Without loss of generality, assume that y n — > oo as n — > oo. 
As noted after Theorem 13.21 the sequences {y n }n<=N and {i>n}neN tend either to +oo, or to 
— oo. Since ym = f2n, the limit must be the same; we assume for definiteness that it is +oo. 
By Theorem I3.2( the sequences {x n+ i/x n } ne ?q and {u n+ i/u n } n< =n tend to one as n — > oo, 
so there exists m > such that both these sequences have all their terms at distance less 
than 1/4 from 1 for n > m. We shall choose mi G N large enough so that y n < y n +i < • • • , 
v n < v n+ i < ... , and u n G ((l/2)w n _i, 2u n _i), x n G ((l/2)x n _i, 2x n _i) for n > m 1 . 
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Observe that, since x 2n = u 2n and y 2n = v 2ni for n > mi, we have 

1 1 

X + iy. -X 2n < X < 2x 2n , V2n<y< V2n+1 > fl 

x + iy : ^u 2n < x < 2w 2n , v 2n < y < v 2n +i^ / 0. 

Moreover, for n > mi, either z 2n+ i G {x + iy: (l/2)u 2n < x < 2« 2n , v 2n < y < v 2n +i}, 
or tt; 2n+ i G {x + iy: (l/2)x 2n < x < 2x 2n , y 2n < y < y 2n +i}- Choose now n > mi to be 

1/2 

large enough so that k is injective on Ly n . Since k(w 2n+ i) = k{z 2n+ i) and both w 2n+ i and 

1/2 

z 2n+ i belong to UJ , we conclude that w 2n +i = z 2n +i- This is true for all n large enough. 
Consider a neighbourhood V of z 2n . It is clear that the nonempty open set /(V) fl g(V) 
will be included in {x + iy: (l/2)u 2n < x < 2u 2n , v 2n < y < f 2n +i} U {x + iy : (l/2)u 2n +i < 
x < 2-u 2n+ i, v 2n+ i < y < v 2n+2 }, if V is small enough. But this will imply that for any 
z G V we have k(f(z)) = k(z) + ib = k(g(z)). Since {x + iy: (l/2)u 2n < x < 2u 2n , v 2n < 

1 /2 

y < v 2n+ i} U {x + iy: (l/2)u 2n+ i < x < 2u 2n +l, v 2n+ i < y < v 2n+2 } C U ^ n , we conclude 
that f(z) = g{z) for all z G V, and hence / = g. 

Consider now the second alternative, that is lim n _ >00 q n = 0. We claim that 

hm = hm , z G H. 

n^co z n+ i - Z n n^co Wn+l - Wn 

Indeed, 

K{z) = = h n {f{f{l))) ; 

Z-n+l Z n Z n j r2 Z n Z n s r2 Z n 

passing to limit in the above equality gives 

h(z) = h(f(f(l))) • lim /Pn(z) ~ Zn = 2 lim /0 " (z) ~ Zn . 

n->oo Zn+2 - Z n n^oo z n+2 - Z n 

The claim follows now from the fact that 

^2n+2 — Z 2n Z 2n+2 — Z 2n 

With the notation from Theorem 13.31 (ii), we know from [2] that / is injective on 
G m = Gin for m large enough. Consider a disk D C H such that 1, /(l), y(l), /(/(l)) = 
g(g(l)) G D. Since k n (z) = (f on (z) — iy n )/x n — > 1 uniformly on D, for N large enough, 
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Bf = U^L Ar / on (L') is a connected subset of G m . Since f(Bf) C Bf, the functions 

ro(n-N)( \ _ 

h* n {z) = - y -, ze H, neN, n> N, 

are injective on Bf. It is easy to observe that /i*(z/v) = and /i*(ztv + i) = 1. Thus, the 
sequence {h^} n> j^ converges to a function h* , defined on iJ, and injective on Bf. (For 
details, see j2j, page 256.) We have 

h*(f° N (z)) = lim K(f° N (z)) = lim h n (z) = h(z), z G ff. 

n— >oo n^oo 

The same argument used for h shows that if we replace in the above / by g we obtain a 
function defined on B g = U^L Ar 5° Tl (Z)), which coincides with h* on Bf (~) B g (it is trivial 
to observe that Bf n B g ^ 0). Moreover, by an argument identical to the one used in the 
previous case (the case when q n was bounded away from 0), there exists an open set V C C + 
such that f o2N+1 (z),g o2N+1 {z) G B f n B g for all z G V. Indeed, f o2N+1 (i), g o2N+1 (i) G 
f o2N (D) = g o2N (D), which is an open set. But then /i*(/ o2iY+1 (z)) = /i*( 5 o2Ar+1 (z)), so 
that, by injectivity of fc*, / o2iY+1 (z) = g o2N+1 (z), z G V, and thus, / = □ 

In his paper |19j . Carl Cowen has a different approach towards solving Abel's equation. 
This approach will be useful for proving that every [>-infinitely divisible probability measure 
fx on R belongs to a unique semigroup {jit ■ t > 0} with respect to monotonic additive 
convolution. In the following, we shall introduce the notions and results relevant for our 
proof. For details, we refer to |19j . 

Definition 3.5. Given a domain A C C and an analytic map ip: A — > A, we say 
that V is a fundamental set for ip on A if V is an open, connected, simply connected subset 
of A such that ^>(V) C V and for each compact set K in A, there exists N G N so that 
^ oN (K) C V. 

The main result of |19j is the following theorem: 

Theorem 3.6. Let ip: B — > B be analytic, not constant and not a conformal auto- 
morphism of B, and let a G B be the Denjoy-Wolff point of ip. Assume that if' {a) ^ 0. 
Then there exists a fundamental set V for ip on B ; a domain Q, either the complex plane or 
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the unit disk, a linear fractional transformation <I> mapping Q onto itself, and an analytic 
mapping a: ID — * 17 such that <p and a are injective on V , o~(V) is a fundamental set for 
<3? on Q, and o a = a o <p. Moreover, <3? is unique up to conjugation by a linear fractional 
transformation mapping £1 onto itself, and and a depend only on p, not on the particular 
fundamental set V . 

It is shown that, depending on ip, the linear fractional transformation <3? is of one of the 
following types: 

(1) $>(z) = sz for some s G D, z G C, 

(2) $(2) =z+ 1, ze C, 

(3) Hz) = {i+g+j^j for some s G (0, 1), z G D, 

(4) *(*) = * e D. 

Observe that any linear fractional transformation $ is contained in a real analytic 
group with respect to composition: there exists H : Q x R — ► such that H(H(z,t),s) = 
H(z,t + s) and H(z,n) = $>° n (z) for all z G $1 and n G N. Denote by G the infinitesimal 
generator of the semigroup H. Consider now a function p as in the above theorem. Fix a 
fundamental set V of p on D, and let u(z) = min{n G N: (£> on (,z) G V}. Define 

r(z) = inf{t > 0: u(z) < t,H(a(z),s) G a(V) for all s > t}. 

Theorem 3.7. Let p satisfy the hypotheses of Theorem \3.bl and let r be defined as 
above. There exists a function <p(z,t) defined for z G © and t > t(z), complex analytic in 
the first argument, real analytic in the second, such that 

p(p(z, t),s) = p(z, t + s), t > t(z),s > 0, 

and such that p(z,n) = ip on (z) for all n G N, n > t(z). The function p(z,t) is defined by 

p(z, t) = (a\ v )~ 1 {H{a{z), t)), zeB,t> t(z). 

Moreover, the function g, given by g{z) = G(a(z))(a' (z)) -1 , z G D, is meromorphic on D, 
holomorphic on V , and agrees with the infinitesimal generator of the semigroup <p(z, t) on 
the set {z G ID: t(z) = 0}. 
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Assume that V satisfies the conditions of Theorem 13.61 for <p and consider a compact 
set with nonempty interior K C V. Then, by Theorem 13.61 there exists no G N so that 
<f> on (H(a(z), t)) G a(V) for all < t < 1, n > n , z G K. But by definition <Z> on (H(a(z), t)) = 
H(a(z),t + n). Let w = ® on (a(z)) = H(a(z),n) G a(V), so that there exists v G V such 
that a{v ) = z. We claim that t{v) = 0. Indeed, since v G V, we have u(v) = 0, and 

H(a{v),t) = H(H(a(z),n),t) = H(a{z),t + n) G <r(V) for all t > 0. 

This proves our claim. We conclude that the interior of the set V Pi {z G B: t(z) = 0} is 
nonempty. 

All the above results can easily be reformulated for self-maps of the upper half-plane. 
Recall that the probability measure /x on K is said to be >-infinitely divisible if for any 
n G N there exists a probability measure [i\j n such that \i = /J, 1 / n > ■ ■ ' > fJ>x/n • The measure 

S v ' 

n times 

[Au n will be called an n th root of /i. The following proposition generalizes the results of |25| . 
Proposition 5.4, to measures without compact support. 

Proposition 3.8. Let /x be a t> -infinitely divisible probability measure on M. Then 

(1) The family of probability measures {/ii/2™ : n G N} can be uniquely extended to a 
weak* -continuous semigroup {/i^: t > 0} with respect to monotonic additive convo- 
lution. 

(2) The n th root of /i is unique for all n G N. 

Proof. We shall first show that there exists an appropriate fundamental set for our 
functions F^ 2j , j G Z. Let us observe that if V\/ n is a fundamental set for F^. on C + , then 
Vi/ n is a fundamental set for Fjff. = . for all p G N. Moreover, if Vi/ n satisfies the 
conditions of Theorem 13.61 for F,,, . , then it satisfies the same conditions for F„ . for all 
p G N. Indeed, it is clear that ^u p / n (^i/n) S ^i/n> an( i thus, by the Denjoy- Wolff Theorem 
(Theorem 11.14(1 . for any compact set K C C + there exists ./V G N, N > 0, such that 
F°^ /n (K) C Vx/ n . Assume now that zi,z 2 G Vy n are such that F^ p/n (zi) = F flp/n (z 2 ). Then 
i? Mi/„( i ^ (p -i)/„(^)) = ^i/n^cp-D/^C^)); since F^^^i), F„ {p _ 1)/n (z 2 ) G F 1/n , we have 
that F^, ,(zi) = Fp {p _ 1 y n (z 2 )- Iterating this procedure, we obtain that z\ = z 2 . 
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On the other hand, observe that F^ 1/n is injective on V\ for any fundamental set V\ of 
Ffi on C + . Indeed, if z%,z 2 E and F^ 1/n (zi) = F fll/n (z 2 ) then F^zi) = F^(z 2 ), and this 
implies z\ = z 2 . 

Fix now n G N. Without loss of generality, we may assume that V\i 2 j C V\i 2 j-\ , 1 < j < 
n. Proposition 13.41 guarantees the uniqueness of the measures ^i/ 2 j, j G Z. By Theorems 
13.21 and 13.31 we know that there exist a and c G C \ {0} such that a{F fJL {z)) = a(z) + c. For 
fixed c, Theorem assures us of the uniqueness of a. If we denote H(w,t) = w + tc, t G R, 
to G C, Theorem 13.71 provides the function i^Ay'O^) = t)) for all z G C + , 

t > t(z). We shall find a domain on which these functions coincide with _. , 1 < j < n. 

Assume z G F 1/2 „ n {z G C+: r(z) = 0}. Then F 2J ,(z) = {a\ v )- l {H{a{z)^)) for all 
j > -n. Since cr(F 2J (z)) = <j(^ i/2J (z)) and F 23 (z),F fli/2J (z) G V^ 1/2 „, we have F 2 j(z) = 
F^ ■ (z), for z in an open subset of the upper half-plane, j > —n. This is true for arbitrary 
n G N, and thus we have F 2 m = F^ 2m for all m G Z. By Theorem 13.71 -F 2 j (z) — > z 
as j tends to — oo uniformly on compact subsets of {z G C + : t(z) = 0}. We conclude 
that lmij-^oo F^. (z) = z uniformly on compact subsets of C + . To obtain fit for some 
t G [0,+oo), consider a sequence q n of dyadic numbers converging to t. By Proposition 
11.21 the analytic function F t = lirrin^oo F^ qn provides the required measure fit by F^ t = F t 
(the independence of the limit Ft from the chosen sequence q n follows from the fact that 
F 2 i{z) — » z as j tends to —oo). This proves (1). Part 2 is an immediate consequence of the 
uniqueness of the semigroup from part 1. □ 

Similar results hold for multiplicative monotone convolution of probability measures 
supported on [0, +oo) (recall Definition IU.7|) . However, in this case, the analogue of Propo- 
sition EH1 is an immediate consequence of results of Cowen and Goryainov. Let us first state 
the analogue of Theorem 13.11 

Theorem 3.9. Consider two probability meaures fi,u on [0, +00). Then we have 



VimOu(z) = rffj,(rj v (z)), zGC\[0,+oo). 
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For the proof of this theorem, we refer to jBj Define 9: C\ (— oo,0) 



H by 9(z) 




is a conformal automorphism such that V((— oo,0)) = (—1,1). Thus, for any probability 
measure \x on the positive half-line, the function (j)^(z) = V(rj fi (V^ 1 (z))), z G B, is a self-map 
of the unit disk that maps the interval (—1,1) into itself. Moreover, it is trivial to see that rj^ 
belongs to a composition semigroup {r/^ t : t > 0} if and only if (p^ belongs to a composition 
semigroup {4>^ t : t > 0}, and the correspondence is given by 4>^ t {z) = V(r/ /Jt (V _1 (z))), 
z € B. In |23| . Goryainov shows that any analytic self-map (f) of the unit disk preserving 
the interval (—1,1) which is the n- iteration of an analytic self-map cp n of D satisfying 
n ((— 1,1)) C (—1,1) can be embedded in a one-parameter semigroup with respect to 
composition (this fact can be also derived from Theorem 5.1 and its corollary from |19j ). 
This, of course, provides the equivalent of Proposition 13.81 for multiplicative monotone 
convolution on [0, +oo). 
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